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Abstract
The main aim of this thesis is to reveal some interesting aspects of the purely affine theory
of gravity and its cosmological implication. A particular attention will be devoted to
its consequences when applied to cosmological inflation. Primarily, affine spacetime,
composed of geodesics with no notion of length and angle, accommodates gravity but
not matter. The thesis study is expected to reveal salient properties of matter dynamics
in affine spacetime and may reveal an intimate connection between vacuum state and
metrical gravity. An interesting application of the framework is the inflationary regime,
where it is shown that affine gravity prefers only a unique metric tensor such that the
transition from nonminimal to minimal coupling of the inflaton is performed only via
redefinition of the latter. This allows us to avoid the use of the so called conformal
frames. In fact, unlike metric gravity, the metric tensor in affine gravity is generated
and not postulated a priori, thus this tensor is absent in the actions and conformal
transformation does not make sense. Last but not least, we try to show how metric
gravity can be induced through a simple structure that contains only affine connection
and scalar fields. General relativity arises classically only at the vacuum, and this
view of gravity may be considered as a new way to inducing metric elasticity of space,
not through quantum corrections as in standard induced gravity, but only classically.
The thesis is concluded by analyzing affine gravity in a particular higher-dimensional
manifold (product of two spaces) in an attempt to understand both, the cosmological
constant and matter dynamically.
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“Si nous attribuons les phe´nome`nes inexplique´s au hasard, ce n’est que par des lacunes
de notre connaissance.”
Pierre Simon de Laplace
Chapter 1
Introductory notes and
motivations
If I have ever made any valuable
discoveries, it has been owing more to
patient attention, than to any other
talent.
— Sir Isaac Newton
1.1 Why does gravity matter?
Newton came out with the laws that govern the gravitational attractions between macro-
scopic bodies. He has shown that these laws are not only applied to small objects on
Earth, as it has been tested for the first time, but it holds for the whole universe. Grav-
ity in this sense is universal. Later in 1916, Einstein provided a new description1 to
this interaction based on new concepts (at the time) of space and time. As observed
by Galileo, all freely falling bodies accelerate in the same rate in a given gravitational
field. This simple remark has led Einstein to describe gravity by an accelerating frame
of reference. Roughly speaking, the gravitational interaction became one aspect of the
curvature of spacetime, and every type of energy in the universe responds to these man-
ifestations, which finally appear as gravitational effects. On the other hand, spacetime
gains a dynamical character due to the presence of every kind of energy which distort
it.
1The new theory is called Einstein’s general theory of relativity and it will be discussed in some
details in chapter three.
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Universality of spacetime, and gravity as its curvature, lead us to think about the uni-
verse itself as a physical object, and Einstein himself tried to study the evolution of the
universe based on his description of gravity. In fact, in studying the evolution of the
universe at large scales, the only long range force that acts everywhere is gravity.
Below we summarize some of the interesting puzzling physical cases where gravity was
always the main force behind them:
• Dark side of the universe:
As it is usually stated, all the known stuff only adds up to 5% of the content of
the observable universe. The known stuff here includes all the baryonic matter
which are formed by protons and neutrons, as well as radiations (photons, neutri-
nos...etc). In other words, everything which is formed by (or includes) the standard
model elementary particles.
Here, gravity played an important role in the indication of the 95% missing matter
and energy. Assuming that gravity is described by Newton’s theory in leading
approximation, it has been shown that clumps of a non baryonic matter, which does
not interact through any non gravitational force, are present in the outer galaxy
halos. This non-luminous dark matter which forms almost 28% the contents of
the universe, acts only through its gravitational effects [1, 2].
The remaining 67% is supposed to be vacuum or dark energy. It is the cosmologi-
cal fluid that makes the expansion of the universe speeding up rather than slowing
down if only matter is considered [3]. Again, the assumption of the existence of
this energy is based on the theory of gravity at hand; Einstein’s general relativity
where not only density but pressure plays also an important role. Rather than
attracting in a standard way, gravity in this sense stretches space apart due to the
negative pressure of vacuum energy. The nature of dark or vacuum energy is one
of the mysteries in cosmology where its signature came only through gravity.
• Early universe and black holes:
Our understanding of the big bang model, the most successful model of the uni-
verse, is mainly based on the expanding universe which is a direct consequence of
relativistic gravity (general relativity). However, extrapolating further the history
of the universe in the standard big bang model, one encounters an initial sin-
gularity. If general relativity is taken as the theory of gravity at this phase, an
infinite energy density would lead to an unacceptable infinite curvature of space.
This phenomenon is not much more different than the center of a black hole. Un-
derstanding the nature of these singularities necessitates a better understanding
of gravity itself.
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• Unifying endeavor:
Besides gravity, the physical world runs along three other fundamental interactions.
The first of these is the Electromagnetic force described by Maxwell’s classical
electrodynamics and its successful quantum version; Quantum Electro-Dynamics
(QED). At shorter ranges, nuclear particles such as protons and neutrons obey
the weak and strong nuclear forces. A unified picture of electromagnetic and weak
forces, namely Electroweak interaction, is successfully understood in the context
of gauge field theory, and finally a standard model of particle physics is set up as
a successful description of the three interactions.
Now, what about gravity? If it is “fundamental” too, then the first aim would
be its possible unification with the mentioned forces. One way towards a unified
theory that includes gravity is to write the other forces in a geometric form like
general relativity. The first request of this kind of unification (by Einstein) was
to describe electrodynamics in terms of geometry in order to put it in the same
geometric framework as gravity. This early view which has also led to postulating
a fifth spatial dimension turned out to be misleading. The same thing happens
when we try to geometrize the other forces. This is simply impossible because the
geometric description of gravity is mainly based on the equivalence between the
latter and the accelerating reference frames, which is not the case for the other
forces.
The other schema of unification stands on the quantum description of gravity.
The main approach to quantum gravity is to extend and apply the techniques of
quantum field theory to general relativity. Despite the similarity between electro-
magnetic and the gravitational interactions (both are long range forces), it turned
out that the latter suffer from infinities. While QED is successfully renormalizable
[4], quantum gravity is not [5].
The failure of the unification has led people to think about gravity from different
directions. Some of these directions run through the possibility that gravity is not
a fundamental force !. Gravity in this case is considered as an induced or emergent
phenomenon. In the former, gravity may arise from elementary particles through
one loop corrections to particle fields, whereas the latter suggests that gravity may
gain an emergent character from black holes thermodynamics [6, 7]. The problem
of gravity at very small scales has not been settled down yet.
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1.2 If it is all about curvature, then which geometry is
viable?
Gravity is believed to be one aspect of the curvature of spacetime and then the correct
geometric view is essential in any theory of gravity. In Einstein’s general relativity, it is
assumed that metric geometry is relevant to the theory. The spacetime then is supposed
to be pseudo-Riemannian, i.e, a space endowed with a metric tensor which describes
the intervals (distances and times) and angles between different events in the curved
background.
The concept of the metric tensor which is postulated a priori is certainly fundamental in
the large scale structure where notions such as lengths and angles are present. However,
it is worth noting that the very existence of spacetime may not accommodate these
concepts, but rather, they may arise from a more fundamental requirements.
The concept of the curvature of spacetime does not require a metric field. In fact, that
is the rule of parallel displacement which provides a measure of the curvature of the
manifolds. This rule is incorporated in the so called affine connection through covariant
derivatives. Theories of gravity which are based on this affine connections as fundamental
fields are called purely affine theories. Interestingly, what is known as metric tensor in
general relativity appears in affine gravity a posteriori as a solution of the equations of
motion. In this sense, metrical structure is generated dynamically.
Affine spacetime involves only trajectories generated by connections with no notion
of length and angle. In this spacetime there are no invariants; even a constant energy
density is “difficult” to define. The only meaningful structure is determinants of tensors.
In this vision, possible gravity actions are constructed from determinants of the tensors
at hand, among these tensors, we have the pure geometrical tensors; the Riemann tensor,
the Ricci tensor as well as the torsion tensor. These are defined only in terms of the
affine connection and no other entities (such as metric tensor) are required. Besides these
tensorial quantities, matter fields may also enter the actions in a tensorial form. In fact,
from scalar fields φ, in addition to its potential energy, a symmetric tensor ∇µφ∇νφ can
also be formed [8].
An interesting feature of affine spaces, is that they accommodate scalar fields only for
nonzero potential energy, a property which is at the heart of the inflationary cosmology.
Nonzero potential energy means at least nonzero vacuum energy, thus metrical structure
which is generated a posteriori may gain in this sense an induced character from vacuum
energy [9].
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Studying purely affine gravity from its different aspects will be the primary objective of
our thesis which will be organized as in the following section.
1.3 Plan of this thesis
In this thesis we will provide a detailed study of purely affine gravity. Our aim here is to
show the viability of this theory in both theoretical and observational sides. However, to
make it more pedagogical, the thesis will contain some introductions on general relativity,
and relativistic cosmology including inflation. This will make it easy for the reader to see
the differences between general relativity and affine gravity and extract the new features
of the latter.
We organize the thesis as follows: Chapter two will be devoted to the geometrical frame-
work where we introduce the concepts of metric tensors and affine connections. This part
is important and it shows how those concepts, though both fundamental, are completely
independent. It is also shown how curvature which is at the heart of any relativistic
theory of gravity, is related to the affine connection without introducing any metrical
structure.
In Chapter three, we present the general theory of relativity. We show how Einstein
was able to come out with his interesting description of gravity in terms of curvature
of spacetime, based only on a simple remark of free fall. We give a detailed derivation
of Einstein’s field equations using the variational principle where the fundamental field
that plays the role of the gravitational field is the metric tensor.
Purely affine gravity, the objective of the thesis, will be addressed in the fourth Chapter.
A particular and the simplest affine gravity is Eddington’s gravity, which is based solely
on the Ricci tensor and a nonzero cosmological constant. We show how this theory,
free of any matter fields, becomes equivalent to Einstein’s gravity after generating the
metric tensor. We proceed and extend Eddington’s theory by adding scalar fields. Here,
two important cases are studied separately; minimal and nonminimal couplings. We
will show that affine gravity is different than metric gravity for the nonminimal coupling
case. The differences appear in both the gravitational equations and the scalar field
equation. This, as we will see, is the consequence of the first order (linear) affine action.
An interesting part in this Chapter is about induced gravity in the affine context. It is
shown that in the affine picture, both the scale of gravity and the metric tensor gain an
induced character. Gravity arises from vacuum expectation value of heavy scalar fields,
while the metric tensor arises from the vacuum energy [9].
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Chapter five will be devoted to standard cosmology and inflation, and in Chapter six
we tackle the problem of inflation in the context of affine gravity. We apply the affine
formalism presented in Chapter five to inflation, and show that the inflationary regime
arises naturally for slowly rolling fields with predictions compatible with the recent data.
Induced affine gravity however shows slight deviations from observation. We will also
discuss the question of different frames, namely Jordan and Einstein frames in metric
gravity, and the frame ambiguities in inflation. We show that these frames do not make
sense in affine gravity where there is a unique metric generated from nonzero vacuum
energy. The transformation from nonminimal to minimal coupling can be obtained only
through field redefinition, but not metric transformation.
In Chapter seven, we study Eddington-like gravity in a particular higher dimensional
spaces, namely the product spaces, as an attempt to give a dynamical nature to matter
from high dimensions. Finally, we summarize and conclude our thesis in Chapter eight.
Chapter 2
Spacetime: Metricity and affinity
The theory of relativity brought the
insight that space and time are not
merely the stage on which the piece is
produced, but are themselves actors
playing an essential part in the plot.
—Willem de Sitter
2.1 When metric tensor is necessary?
2.1.1 Minkowski spacetime
We are usually interested in the local character of the physical world. The local prop-
erties require physical measurements associated with clock ticks and spacial distances,
or spacetime intervals in relativistic view. This imposes the concepts of a distance and
angle in the physical world. In fact, in our four dimensional spacetime, the infinitesimal
interval which generalizes the three dimensional Euclidean distance is given by
(ds)2 = −(cdt)2 + d~x.d~x, (2.1)
where dt and d~x are time and space coordinate differentials connecting two close points,
and c is the speed of light.
The quantity (2.1) describes the length of a spacetime coordinate differential
dxa = (cdt, d~x) , (2.2)
7
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and it is written in the following form
(ds)2 = ηabdx
adxb. (2.3)
where clearly the quantity η is nothing but the 4× 4 matrix with constant coefficients
ηab =

−1 0 0 0
0 +1 0 0
0 0 +1 0
0 0 0 +1
 .
The above writings allow us to associate to every contravariant vector Aa, the square of
its length, given by
A2 ≡ ηabAaAb. (2.4)
The square of the length (2.4) is a particular case of the scalar product of two vectors
of components Aa and Bb which is given by
A.B = ηabA
aBb (2.5)
The above structure is inherited from the spacetime symmetries, where quantities like
(2.1) are invariant under the so called Lorentz transformation. It is defined by a linear
transformation of the form
xa → xˆa = Λabxb (2.6)
that leaves the line element (2.1) invariant.
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Figure 2.1: Two inertial frames in relative motion along the x direction. A coordinate
system is attached to each frame and they are related to each other by the Lorentz
transformation (2.6).
This is applied to the norms of vectors (2.4) and scalar products (2.5), and consequently,
the quantity η must satisfy
ηab = Λ
c
aΛ
d
b ηcd. (2.7)
The 4 × 4 matrix elements Λab describe rotations and boost transformations and they
relate the spacetime coordinates of the same event recorded in two inertial frames.
Along the x direction where the two inertial frames are in uniform relative motion with
a velocity v (figure 2.1), the Lorentz transformations are parametrized by
Λνµ =

coshφ sinhφ 0 0
sinhφ coshφ 0 0
0 0 1 0
0 0 0 1
 ,
where
coshφ =
1√
1− v2
c2
, sinhφ =
v/c√
1− v2
c2
(2.8)
Like rotations in Euclidean space, the Lorentz transformations form a group O(3, 1).
This Lorentz group differs from the Euclidean group O(4) by the non positive spacetime
invariants. In fact, according to (2.4), vectors may take positive, negative or zero norms.
To that end, a vector A is said to be time like, space like or light like if A2 is negative,
positive, or zero respectively. The speed of light c provides a limit to particle velocities,
and then the regions which are causally1 connected, are described only by points inside
the light cone (see figure 2.2).
1The regions must be separated by a timelike interval, ds2 < 0.
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Figure 2.2: Light rays travel in straight lines (generators of the cone) between any
two points separated by a null interval ds2 = 0. Physical (massive) particles move along
lines with ds2 < 0.
Next, we will discover the structure of distances and line elements in curved spacetime
and introduce the notion of the metric tensor, where the invariance are manifested by
general coordinates rather than Lorentz transformations.
2.1.2 General coordinates and metrical structure
As we will see later in this Chapter, the gravitational phenomena necessitate, the use of
arbitrary reference frames. The spacetime geometry must then be described by general
(curvilinear) coordinates rather than the special coordinates used in the last subsection.
Under general coordinate transformations xˆµ(xλ), the coordinate differentials transform
as
dxµ =
∂xµ
∂xˆν
dxˆν , (2.9)
where we have used Greek indices to refer to general coordinates.
Quantities Aµ that transform like (2.9) under coordinate transformations are called
contravariant four vectors
Aµ =
∂xµ
∂xˆν
Aˆν . (2.10)
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Like coordinate differentials (2.9), it is also convenient to write the transformation rule
of the partial derivative of a scalar φ. This is simply given by
∂µφ =
∂xˆν
∂xµ
∂νˆφ. (2.11)
Quantities Aµ which transform as (2.11) are called covariant four vectors
Aµ =
∂xˆν
∂xµ
Aˆν . (2.12)
Based on the above rules of transformations, one may simply call a covariant tensor of
rank two, an element Tµν of sixteen quantities which transform like the product of the
components of two covariant vectors, thus
Tµν =
∂xˆα
∂xµ
∂xˆβ
∂xν
Tˆαβ. (2.13)
In the same manner, contravariant and mixed rank two tensors Tµν and Tµν are intro-
duced respectively.
Now, the line element that describes the distance between two infinitesimally close points
with coordinates xµ and xµ + dxµ is given by
(ds)2 = gµν(x)dx
µdxν , (2.14)
where gµν are the components of a covariant rank two tensor which coincides with the
Minkowski metric tensor in a local reference frame (at a point P )
gµν(P ) = ηµν . (2.15)
The tensor gµν is symmetric, i.e, gνµ = gµν and it is called the metric tensor. In
Riemannian spaces, this tensor is called the Riemannian metric. However, since its
signature is not positive (negative) definite, the metric then is called Lorentzian.
The metric tensor plays an important role in defining two quantities; norm of vectors
and angles. The norm of a vector of components Aµ is given by
|A| = √gµνAµAν . (2.16)
This clearly coincides with (2.4) in a local reference frame.
The angle θ between two vectors of components Aµ and Bν is defined by
cos θ =
gµνA
µBν
|A|.|B| , (2.17)
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where the numerator is nothing but the scalar product of the two vectors as written in
(2.5) in local reference frames.
Then like flat (Minkowski) spacetime, this (pseudo) Riemannian spacetime is an arena
which is endowed with a property for measuring distances and angles. This property
is encoded in the metric tensor. Later we will see that this metrical structure is not
necessary for describing the essential properties of spacetime geometry.
2.2 Affinity on spacetime continuum
2.2.1 Notion of affine connection
Primary requirements in space geometry is how to compare vectors at different points
in space. This is trivial in Euclidean (or Lorentzian) geometry where equality of the
components of two vectors implies the equality of the vector themselves. The previous
assumption may not be correct if the space has non Euclidean geometry.
The reason of this can be understood from the fundamental transformation rule (2.9).
The vector Aµ in (2.10) which transforms exactly like (2.9) can be considered as a
displacement vector from a point P of coordinates xµ to a close point Q of coordinates
xµ + dxµ. Since the coefficients ∂xˆµ/∂xν depend on the coordinates (change from point
to point), then it becomes impossible to compare directly the same vector at the points
P and Q as in Euclidean space, even if these points are very close to each other.
Comparison of the same vector at two neighboring points can be related to the way
we parallel transfer this vector between these two points, and then, to how to make
derivative of the vector along a given curve [10, 11]. This process is not trivial in curved
spaces because of the different tangent spaces at different points of the space. This
requires a new machinery that allows the connection between these tangent spaces.
Here we suppose that the vector Aµ at the point P takes the form Aµ + δAµ which
infinitesimally differs from Aµ. The change in the vector Aµ is given in terms of both,
the infinitesimal displacement dxµ and the vector Aµ itself, as follows
δAµ = −ΓµαβAαdxβ, (2.18)
where Γµαβ are arbitrary functions of x
µ, and they are called the coefficients of an affine
connection.
In four dimensional space, the affine connection is determined by its 64 components.
Since the spacetime acquires a pseudo Euclidean geometry locally, where vectors are
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transported from two neighbor points with no changes in the vector, i.e, δAµ = 0, this
implies that the affine connection locally vanishes
Γµαβ(P ) = 0. (2.19)
Relation (2.18) describes then the parallel displacement of the vector Aα along dxβ.
This property, in non-Euclidean spaces, is at the heart of the concept of curvature. We
call the new derivative (of a vector) which is based on parallel transfer, the covariant
derivative and it is defined as
∇µAα = ∂µAα + ΓαλµAλ. (2.20)
This rule coincides with the ordinary derivative locally when the space is considered flat
(Γ(P ) = 0).
The presence of the affine connection in (2.20) can be understood from the tensorial
character of the derivatives of vectors. One may easily show that under general coor-
dinate transformation where the vector Aµ transforms as (2.10), the derivative of Aµ
transforms as
∂Aˆα
∂xˆµ
=
∂xˆα
∂xλ
∂xσ
∂xˆµ
∂Aλ
∂xσ
+
∂2xˆα
∂xλ∂xσ
∂xσ
∂xˆµ
Aλ. (2.21)
The last term of this expression spoils the tensorial character of the ordinary derivative
∂µA
α. Thus, the ordinary derivative is an object that depends on coordinate systems.
Based on this, one may show that the tensorial character of the total term (2.20) implies
the following transformation rule of the affine connection
Γˆαλµ =
∂xˆα
∂xβ
∂xσ
∂xˆλ
∂xτ
∂xˆµ
Γβστ +
∂2xβ
∂xˆλ∂xˆµ
∂xˆα
∂xβ
. (2.22)
From the transformation rule of this non tensorial object, we extract the following in-
teresting properties:
• First, the second term of the right hand side of equation (2.22) does not depend
on the connection but rather it is a coordinate system dependent quantity. Thus,
if the connection tends to be zero at one reference frame, then the presence of this
term forbids it to vanish everywhere.
• However, if one envisages two connections Γαµν and Γ¯αµν in the same space, then
the difference Γαµν − Γ¯αµν forms the components of a tensor. A particular and
interesting case is the torsion tensor which we will discover later. The same for
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the infinitesimal variation δΓαµν which is a tensor. In other words, one may always
write any affine connection as a sum of a second connection and a tensor.
2.2.2 Curvature of space
Up to now, we have referred to flatness only locally where the connection vanishes.
This is what observers realize in Galilean inertial frames. As we have seen, the affine
connection does not follow a tensorial transformation, thus, it may not provide us with
the real character of space, and to that end, one has to explore a new quantity which
has to be a tensor and characterizes the intrinsic form of space.
The parallel displacement which has led us to the concept of a connection is also the key
point towards the concept of curvature. In flat space, like the familiar two dimensional
plan, a vector at an initial point can be parallel transported along a closed curve and
it returns back to its original form. However, if the space is curved, the vector returns
back to the initial point but with a different direction. The inequality of a vector (after
parallel displacement) and its original form (before the parallel displacement) originates
from the curvature of space [10–12]. This fact is schematically illustrated in Figure 2.3.
Figure 2.3: In flat space (left), any vector is displaced infinitesimally along a closed
curve without losing its initial direction and magnitude. However, in a curved space
(right), parallel transfer affects the form of the vector due to the curvature of space.
To proceed to the definition of the curvature tensor, it is important to mention that
parallel transport of a vector field may be described by successive derivation of the
vector itself. The success of a vector to return to its original initial value in flat space
can be related to the fact that in this space, the derivatives commute
[∂µ, ∂ν ]A
α = ∂µ∂νA
α − ∂ν∂µAα = 0. (2.23)
The curvature of space will be then the origin of the failure of this commutativity which
is now written in its general covariant form as
[∇µ,∇ν ]Aα = ∇µ∇νAα −∇ν∇µAα 6= 0. (2.24)
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This new commutation of the covariant derivative takes the following form
[∇µ,∇ν ]Aα = ∂µ∂νAα + ∂µΓανλAλ + Γανλ∂µAλ + ∂νAλΓαµλ + ΓαµλΓλνσAσ
−∂λAαΓλµν − ΓλµνΓαλσAα − (νµ), (2.25)
where we have used the definition of the covariant derivatives (2.20), and the term (νµ)
refers to the same expression with µ↔ ν.
If we write the last term of the right hand side explicitly, and simplify the expression,
we finally get
[∇µ,∇ν ]Aα =
(
∂µΓ
α
νλ − ∂νΓαµλ + ΓαµσΓσνλ − ΓανσΓσµλ
)
Aλ
−
(
Γλµν − Γλνµ
)
∇λAα. (2.26)
Two important quantities appear in this expression, namely, the curvature tensor
Rαλµν [Γ] = ∂µΓ
α
νλ − ∂νΓαµλ + ΓαµσΓσνλ − ΓανσΓσµλ, (2.27)
and the torsion tensor
Sλµν = Γ
λ
[µν] =
1
2
(
Γλµν − Γλνµ
)
, (2.28)
and then, the commutator (2.26) takes the form
[∇µ,∇ν ]Aα = RαλµνAλ − 2Sλµν∇λAα. (2.29)
These two quantities have some interesting properties that worth pointing out here:
1. Curvature tensor:
Although it is given in terms of the connection coefficients which are not tensors,
the quantities Rαλµν are the components of a true tensor. Since the commutator
on the left hand side is antisymmetric in the indices µ and ν, so the curvature
tensor. An important identity satisfied by the curvature tensor is the Bianchi
identity which will be very useful later. This is written as
∇αRλµκν +∇νRλµακ +∇κRλµνα = 0. (2.30)
In addition to this property, a useful rank-two tensor, namely the Ricci tensor, can
be extracted from the curvature tensor as
Rµν [Γ] = R
λ
µλν [Γ] . (2.31)
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2. Torsion tensor:
The torsion tensor Sλµν is nothing but the antisymmetric part of the affine con-
nection, and thus, it is antisymmetric in the indices µ and ν. This means that an
affine connection is symmetric if it is torsionless. As we will see later, a symmetric
connection is important when Einstein’s equivalent principle is applied [13].
In constructing these important quantities, we were dealing with only connections. The
latter is introduced in (2.18) based on parallel transfers of tensors, but without referring
to any concepts of distances and angles. It is only from this simple spacetime structure
that one may use to describe a theory of gravity. This will be the aim of this thesis and
it will be started from Chapter 4.
2.2.3 Geodesics and geodesic deviation
Like Euclidean space or the flat spacetime of special relativity, the general curved spaces
have the properties of straight lines. We are familiar with the fact that these straight lines
are the shortest paths connecting two points. However, this is the case only if the concept
of distance is taken into account, and then the space is endowed with a metric tensor.
Nevertheless, the straightest possible lines or geodesics are completely independent of
distances. They are the paths whose tangent vectors are parallel transported along
themselves. If a geodesic is parametrized by an affine parameter τ as xα(τ), its tangent
vector uα must satisfy the parallel transport condition
uµ∇µuα = 0, (2.32)
where ∇ is the covariant derivative operator with respect to the affine connection Γ.
Since the tangent vector is given as uα = dxα/dτ , then the condition (2.32) is written
explicitly as
d2xα
dτ2
+ Γαµν
dxµ
dτ
dxν
dτ
= 0. (2.33)
This represents a system of second order differential equations, and then a unique solu-
tion is guaranteed by providing an initial conditions for xα(τ) and dxα/dτ . This unique
solution describes a curve which we have called a geodesic. A point particle moving
through a geodesic has a vector velocity (tangent vector) that keeps the same direction
along this path.
The concept of curvature that we have met in the last section can be addressed here from
the notion of geodesic deviation. Suppose, we are given a geodesic curve with tangent
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vector uα, and its separation from a nearby curve is denoted by the deviation vector χα
as in Figure 2.4. Then the rate of change of this deviation, or the relative velocity of
the neighboring geodesics, is given by the vector uµ∇µχα. The relative acceleration of
the infinitesimally close geodesics reads [10]
aµ = uλ∇λ(uν∇νχµ). (2.34)
By writing the covariant derivatives explicitly in terms of the connection, one may show
that
aµ = −Rµνλρ uνχλuρ, (2.35)
where Rµνλρ is the curvature or the Riemann tensor (2.27).
This equation shows that, in curved space, two lines which are initially parallel will not
remain parallel, and their “deviation” is caused by the curvature of space. To leading
order, the equation of the geodesic deviation (2.35) takes the following form [14]
ai ≡ d
2χi
dt2
= −Ri0j0χj . (2.36)
Figure 2.4: In a curved space, two geodesics (1) and (2) which start parallel, do not
remain parallel but they deviate from each other. This deviation is the effect of the
curvature of space as written in equation (2.36).
An analogy with gravity can be illustrated as follows. In a gravitational potential φ(x),
a freely falling particle is governed by Newton’s equation of motion which is written in
an inertial frame as
d2xi
dt2
= −∂φ(x
k)
∂xj
δij . (2.37)
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If the position of a second (freely falling) particle is xi(t) + χi(t), where χi(t) measures
the separation of the two particles, then the equation of motion of the second particle
reads
d2(xi + χi)
dt2
= −∂φ(x
k + χk)
∂xj
δij . (2.38)
To linear order of (small) χj , one finds the time evolution of the separation vector as
d2χi
dt2
= −
(
∂2φ
∂xj∂xk
)
δijχ
k. (2.39)
This equation is at the heart of the so called tidal gravitational forces, and it provides a
measure of the relative accelerations of two (test) freely falling particles. When compared
to equation (2.36), one may easily find(
∂2φ
∂xj∂xk
)
δij ∝ Ri0k0. (2.40)
This shows that the effects of these forces are nothing but the manifestation of the
curvature of spacetime. In the next Chapter, we will show how gravity is related to the
curvature of spacetime in the general theory of relativity. From the equivalence principle,
Einstein was able to describe the gravitational phenomena as the manifestation of the
curvature of spacetime. Near a gravitational object, two freely falling particles which
move through two infinitely close geodesics, accelerate towards one another due to tidal
effect. This effect is directly connected to the curvature of spacetime.
Chapter 3
Metric gravity and Palatini
formalism
I was sitting in a chair in the patent
office at Bern when all of a sudden a
thought occurred to me: “If a person
falls freely he will not feel his own
weight.” I was startled. This simple
thought made a deep impression on
me. It impelled me towards a theory
of gravitation. —Albert Einstein
3.1 General theory of relativity
Newtonian theory of gravity has been successful in describing the motion of bodies under
the influence of the force of gravity, not only of the Earth but also of all the planets
of the Solar System. This has extremely determined the correct trajectories of these
planets around the Sun. However, it has been known for a long time that Newtonian
gravity fails in explaining the shifts observed in the orbit of planet Mercury, the closest
planet to the Sun. It turns out that this planet follows only an approximate ellipse
where its closest approach to the Sun, called perihelion, moves slightly around the Sun.
This has been known as the anomalous precession of the perihelion of Mercury, and its
explanation by general relativity, as we will see in this section, is considered as one of
the accurate tests of the later.
Besides the anomalous precession, Newton’s theory of gravity is simply based on the
classical concepts of absolute space and time. These concepts have been rejected after
19
Chapter 3 20
the new study of classical electrodynamics made in 1905, which has led to the formulation
of special relativity. People believed then that a successful theory of gravity has to be
based on the new “spacetime” concept.
3.1.1 Equivalence principle and Einstein’s field equations
A remarkable property of gravity which has been noticed by Galileo and then by Newton
himself is that under the same initial conditions, all bodies fall in the same manner in
a gravitational field and they gain a unique acceleration independently of their masses.
This observable fact which is restricted to gravitational forces has been accurately tested
on earth [15]. Einstein has realized that this property can be viewed by observers located
in a noninertial reference frames in the absence of gravity. In fact, bodies which are at
rest or in a uniform motion relative to an inertial frame are seen to be in a freely falling
state by a noninertial observer. Einstein then states his equivalence principle [13, 16]:
Noninertial reference frames are equivalent to some gravitational fields.
This means that one may eliminate a given gravitational field in a region of space
by referring to a noninertial reference. However, since gravity becomes negligible and
vanishes at farther points (from the source), it is then impossible to find a noninertial
frame that is able to eliminate the gravitational field at infinity.
The physics of special relativity briefly described in chapter 1 ignores completely any
gravitational field, and since this later becomes equivalent to a certain accelerated (non-
inertial) reference frame, one may directly think about the form of the physical laws
under general coordinate transformations. In effect, a uniform accelerated reference
frame is described by general coordinate system.
One of the important “geometrical” quantities that depends on the general coordinates
is the metric tensor gµν which gives the invariant line element (2.14). Eliminating a
gravitational field then, means finding a (general) coordinate system which reduces the
tensor gµν to Minkowsi metric tensor ηab
g00 = −1, g11 = 1, g22 = 1, g33 = 1. (3.1)
This turns out to be impossible, since the gravitational field does not vanish everywhere.
The failure of finding such a transformation where the metric has the components (3.1)
means that the spacetime is “curved”. This remarkable fact means that the metric
tensor responsible for distances and angles is not geometrically fixed as in (3.1) but it
describes a physical phenomenon; the gravitational field.
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For an inertial observer, a free particle is known to be at rest or in a uniform motion,
and its path is described in terms of the coordinates xµ by
d2xµ
dτ2
= 0, (3.2)
where the parameter τ refers to the proper1 time.
This equation represents the shortest path (straight line) the particle can take between
two points A and B. Here, the concept of distance is essential, and then, equation (3.2)
is nothing but an extrema of the line element
s =
∫ B
A
√
gµνdxµdxν , (3.3)
where gµν has the constant components (3.1).
Since gravitational phenomenon is equivalent to a certain noninertial reference frame,
the equations of motion of a freely falling particle is derived then from the same line
element (3.3) but for general coordinates where gµν is no longer constant.
Now, we suppose that a particle follows a curve which is parametrized by a parameter λ
as xµ(λ). The quantity (3.3) is a parameter independent, and we may easily apply the
variational principle on the following invariant∫ λ2
λ1
dλL
(
xµ,
dxµ
dλ
)
, (3.4)
where the Lagrangian function is given by
L
(
xµ,
dxµ
dλ
)
=
√
gµν
dxµ
dλ
dxν
dλ
. (3.5)
As in special relativity, the particle here follows a time-like worldline between the two
points A and B in spacetime. This world line simply extremise the proper time; the
time measured by the clock along this world line. Now, if we fix the end points such
that for any deviation from the curve, noted δxµ, satisfies δxµ(λ1) = δx
µ(λ2) = 0, the
variational principle implies the Euler-Lagrange equations
∂L
∂xµ
=
d
dλ
(
∂L
∂(dxµ/dλ)
)
. (3.6)
1Proper time is the duration measured in an inertial frame in which two events are simultaneous.
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Using the explicit form of the Lagrangian (3.5), the Euler-Lagrange equation (3.6) leads
to the following equation
d2xµ
dλ2
+
1
2
gµσ (∂αgσβ + ∂βgασ − ∂σgαβ) dx
α
dλ
dxβ
dλ
= 0. (3.7)
This can be written equivalently in terms of the proper time τ as
d2xµ
dτ2
= −Γµαβ(g)
dxα
dτ
dxβ
dτ
, (3.8)
where we have put
Γµαβ(g) =
1
2
gµλ (∂αgλβ + ∂βgλα − ∂λgαβ) . (3.9)
Straightforward comparison with equation (3.2) of the free particle, shows that the latter
is simply the limit of (3.8) when the metric tensor takes the constant components (3.1).
This is valid only locally at a point P, where an inertial observer uses gµν |P ≡ ηµν to label
distances and time intervals. Thus, the quantity (3.9) vanishes at this frame, Γµαβ(η) = 0.
This quantity defines a particular connection, called the Levi-Civita connection, and it
is a unique function of the metric and its first derivatives.
Equation (3.8) is also called the geodesic equation. But unlike the general form (2.33),
it is written in terms of the metric connection and not the affine connection. The
geodesics, the world lines described by the geodesic equation (3.8), are the shortest paths
in spacetime and they generalize the concept of straight lines in Euclidean (flat space)
geometry. Interestingly, along these special world lines, the metric which is responsible
for distances and angles, is parallel transported, or
∇µgαβ = 0, (3.10)
where in this case, the covariant derivative is with respect to the metric connection (3.9).
The last equation is called the compatibility condition, and if it is solved with respect to
an arbitrary connection, it leads to the unique Levi-civita connection (3.9).
The general theory of relativity, which we are exploring here, is essentially based on
this metrical structure, where the metric tensor plays a crucial role in defining the
gravitational field. In fact, the gravitational effects on the freely falling particle appear
on the right hand side of equation (3.8) as first derivatives of the metric. One may see
this fact clearly if the test particle is non-relativistic and plunged in a weak gravitational
field. This case is exactly the Newtonian description of gravity, and it is attained from
a very weak deviation from the flatness of spacetime. Since our fundamental field is the
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metric tensor, then this later has to be expanded around the Minkowski metric as
gµν ' ηµν + hµν , (3.11)
where the tensor hµν is very small, |hµν |  1.
In this limit, the proper time and the velocities that characterize the motion of the
particle must satisfy
τ → t, dx
0
dτ
∼ c dx
i
dτ
 c, (3.12)
where the last term represents the components of the three vector velocity which has to
be negligible.
Taking these together, one may easily check that the i component of the geodesic equa-
tion (3.8) takes the form
d2xi
dt2
' −c2Γi00. (3.13)
The last term can be calculated in terms of the components of the metric by using
equation (3.9) where the inverse of the metric is given by
gµν ' ηµν − hµν , (3.14)
then
Γi00 ' −
1
2
ηii∂ih00. (3.15)
Finally, the Newtonian limit of the geodesic equation reads
d2xi
dt2
' c
2
2
∇ih00. (3.16)
Thus, we recover Newton’s second law, where the inertial force is given by the gradient of
the gravitational potential φ of a certain gravitational source. An interesting conclusion
of all this, is that the component h00 of the (weak) metric tensor is nothing but the
gravitational potential itself
h00 = −2φ
c2
. (3.17)
This result shows the crucial relation between the spacetime geometry (metric tensor)
and the gravitational forces.
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What is left now is to discover the general evolution of this metric tensor which must
be described by some fundamental differential equations that provide us with all the
components of the metric. These equations are called Einstein’s field equations, and we
are now in a position to explore them.
The Newtonian limit which has led us to the metric component (3.17) describes only the
evolution of test particles not the field itself. The later is described by Laplace equation
where the gravitational field propagates in vacuum, or the general Poisson’s equations
in the presence of the gravitational source itself. The gravitational potential in this case
satisfies
~∇2φ = 4piGNρm, (3.18)
where GN being the Newton’s constant, and ρm is the energy density of the matter
distributions that generate the gravitational field.
Again, this equation has to be realized for weak field limits of a general equations of
motion that take into account the general coordinate systems (noninertial frames). First,
the left hand side of equation (3.18) contains a second order partial differential operators
that acts on the gravitational potential. The later, as we have seen, is one component
of the metric tensor in the weak field limit. Thus, a generalization of this side may be
realized using second order derivatives of the metric tensor gµν . This directly implies
that the right hand side must be represented by a covariant tensor. This implication is
clearly understood, since the energy density is not a covariant quantity and it could not
enter a relativistic equation of motion.
The tensorial character of matter is generally represented by the so called Energy-
momentum or Stress-energy tensor, noted Tαβ. It describes the flux of the four-momentum
pα of the particle (or a fluid) across a surface of constant x
β [17]. This definition pro-
vides a meaningful energy density which is then the flux of the zero momentum across
a surface of constant t. A good example of the energy-momentum tensor is Maxwell’s
stress-energy tensor that describes the electromagnetic field [13].
To that end, Einstein’s field equations (tensorial equations) provide a connection between
the spacetime geometry (metric and its derivatives) and a source which describes all kind
of matter and energy except gravity. These equations are generically written as
{
g, ∂g, ∂2g
}
αβ
= κTαβ, (3.19)
where κ is a dimensionful parameter which must be related to Newton’s constant in
order to realize the weak field limit given in (3.18).
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In constructing the object of the left hand side of (3.19), one has to take into account
the following necessary properties:
1. Like the energy-momentum tensor, this object has to be a rank-two symmetric
tensor.
2. It involves up to second derivative of the metric tensor.
3. An important condition that has to be satisfied, is the covariant conservation
law. This law must be written in a covariant form (general coordinates) which
generalizes the conservation law written in an inertial frame in flat spacetime,
thus
∇αTαβ = 0. (3.20)
The new tensor then has to satisfy the same relation.
It might be difficult to extract the form of this new tensor that satisfies the above condi-
tions, from all the geometric quantities that depend on the metric tensor. Nevertheless,
the only symmetric, rank-two tensors that we have at hand are, the metric tensor itself,
and the Ricci tensor (2.31) of the Levi-Civita connection. Indeed, these tensors do not
have all the properties given above. However, though not be trivial, the “requested”
tensor can be constructed from these two quantities, and it has the following form
Rαβ − 1
2
gαβg
µνRµν + Λgαβ. (3.21)
The first two terms of this quantity that include the Ricci tensor Rαβ, form the so called
Einstein tensor
Gαβ = Rαβ − 1
2
gαβR, (3.22)
where the last term on the right hand side is called the Ricci scalar which is the con-
tracted Ricci tensor
R = gµνRµν . (3.23)
The last term in (3.21) which includes a constant Λ, is introduced here since it satisfies
condition 3. However, in the following chapters, we will explore the physical necessity
of this term. Einstein tensor is written in terms of the Levi-Civita connection (3.9) and
its first derivative, and it can be constructed easily from the Ricci tensor (2.31), which
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in this case is given by
Rαβ [Γ(g)] = R
µ
αµβ [Γ(g)]
= ∂µΓ
µ
αβ(g)− ∂βΓµαµ(g) + Γµσµ(g)Γσαβ(g)− Γµσβ(g)Γσαµ(g). (3.24)
Here, we briefly show that the combination (3.21) satisfies the third condition stated
above. The main point is that the curvature tensor, which is given by its general form
(2.27) satisfies the Bianchi identity (2.30)
∇αRλµκν +∇νRλµακ +∇κRλµνα = 0. (3.25)
This is a tensorial equation, and in order to prove its validity, we simply check that it
holds in a local reference frame at a point P , where the connection coefficients Γλµν(P ) =
0. Using equation (2.27), we have in this frame
∂αR
λ
µκν = ∂α∂κΓ
λ
µν − ∂α∂νΓλµκ. (3.26)
With an index permutation, we easily get
∂αR
λ
µκν + ∂νR
λ
µακ + ∂κR
λ
µνα = 0, (3.27)
which is exactly the identity (3.25) in the chosen local frame.
Thus, the Bianchi identity (3.25) holds for every coordinate system. Now, what we need
is to contract this identity two times, the first contraction (λ↔ κ) leads to
∇αRµν +∇νRλµαλ +∇λRλµνα = 0, (3.28)
and the second contraction (multiplying by gµα) gives
2∇µRµν −∇νR = 0. (3.29)
This equation gives us the required identity (condition three above)
∇µ
(
Rµν − 1
2
gµνR
)
= 0, (3.30)
where the last term in equation (3.21) can be trivially added here due to the compatibility
condition (3.10).
Finally, the gravitational field equations, or Einstein equations, are a system of second
order differential equations of the metric sourced by energy-momentum that generates
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the curvature of spacetime, and are written as
Gαβ(g) + Λgαβ = κTαβ. (3.31)
Before discussing the properties of these equations and determining the constant κ, we
will first give a detailed derivation of these equations based on a principle of least action.
3.1.2 Variational principle: Einstein-Hilbert action
The equation of motion of a test particle (3.8) has been derived from the extrema of
the invariant length (3.3). This procedure is called the principle of least action, and it
is well known in analytical mechanics of point particles and its generalization to field
theories. In a physical theory, the system in question is described by fundamental fields
that satisfy (field) equations that govern their behavior. These equations are equivalent
to the Euler-Lagrange equations derived from a certain action through the calculus of
variation [12]. To proceed then, one needs a covariant integral, an integral which is
invariant under general coordinate transformations.
In special relativity, integrals contain functions which are Lorentz invariant. This simply
works well since the four dimensional integrals in flat space are invariant too. In fact,
under Lorentz transformation (2.6), the volume element transforms as
d4xˆ = d4x||Λ|| = d4x, since ||Λ|| = 1, (3.32)
where ||.|| refers to the determinant sign.
Thus, the volume element itself is invariant under Lorentz transformations (or in flat
spacetime). However, the volume element (3.32) is not generally covariant due to the
Jacobian term that appears under general coordinate transformations xˆ(x)
d4xˆ = d4x
∣∣∣∣∣∣∣∣∂xˆ∂x
∣∣∣∣∣∣∣∣ , (3.33)
where the right hand side includes the trivial determinant of the Jacobian matrix J =
∂xˆα/∂xβ of the diffeomorphism xβ → xˆα(x).
Nevertheless, one may simply notice that the volume elements might be generalized by
introducing a quantity which eliminates the Jacobian under general coordinate trans-
formations. Although there are some different way out to this problem, we concentrate
here on the general concept of volume itself. Volumes are like areas and lengths, and
their measurements have to be frame (coordinate) independent. A relevant covariant
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quantity is the metric tensor gµν . While it provides a prescription for measuring vol-
umes, the metric is a rank-two tensor, and then it is the quantity that one needs to
cancel out the unwanted (Jacobian) term in the volume element (3.33). In fact, under
general coordinate transformations, it transforms as
gˆαβ(xˆ) =
∂xµ
∂xˆα
∂xν
∂xˆβ
gµν(x). (3.34)
The quantity that can be constructed from the metric tensor and which includes the
determinant of the Jacobian matrix, is then the square root of its determinant
√
||gˆ|| =
∣∣∣∣∣∣∣∣∂xˆ∂x
∣∣∣∣∣∣∣∣−1√||g||. (3.35)
This quantity transforms as a scalar density of weight w = +1 [12].
Taking the product of the relations (3.33) and (3.35) we get the correct covariant four-
dimensional volume element
d4xˆ
√
||gˆ|| = d4x
√
||g||. (3.36)
This defines and generalize the volume measure of flat space, and theory which is a
coordinate free can then be derived by integrating scalars in the spacetime manifold.
Additionally, all fields that form the required scalars will automatically be coupled to
geometry due to the presence of the metric tensor in the volume itself. This leads to
what is called minimal coupling to gravity.
To derive Einstein’s field equations (3.31), we need to construct an action based on the
integral of the volume element (3.36) and contains the following quantities:
1. A geometric scalar that includes the metric tensor and its derivatives up to second
order. This part is essential in obtaining the geometric part of the field equations
which is given by Einstein’s tensor (3.22). The relevant quantity is the Ricci scalar
R(g).
2. A second geometric term that gives the covariant part Λgαβ in the field equations
(3.31). This can be obtained simply by adding a constant Λ.
3. A scalar that depends on the matter fields that fill the space and generate the
gravitational field. To come out with a correct scalars, this part may include the
metric tensor itself, and in this case, we say that matter is coupled minimally to
gravity (the metric). However, in what follows, we will assume that this part can
generally be described by a scalar Lm(g) (a Lagrangian of matter).
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The generally invariant action which has the above properties takes the following form
[16, 18]
S[g] =
1
2κ
∫
d4x
√
||g|| (R(g)− 2Λ) +
∫
d4x
√
||g||Lm. (3.37)
The first part of the integral which includes only the Ricci scalar is called Einstein-
Hilbert action, and the second term Λ is called the cosmological constant. The last part
of the action describes the general form of matter interacting with gravity.
The action will be varied with respect to the fundamental field; the metric tensor. To
that end, it is useful to show briefly how to make the variation of the determinant, the
important quantity in all parts of the integral. With the help of the matrix properties,
the determinant of any matrix M can be written as [18]
||M|| = eTr logM. (3.38)
This leads to
δ||M|| = ||M||Tr [M−1δM] . (3.39)
This is easily applied to the metric tensor and leads to the important formula
δ
√
||g|| = 1
2
√
||g|| gαβδgαβ. (3.40)
One can write this differently, by noticing that
gαλgλβ = δ
α
β , then g
αβδgαβ = −gαβδgαβ. (3.41)
Finally
δ
√
||g|| = −1
2
√
||g|| gαβδgαβ. (3.42)
Variation of the Ricci scalar scalar reads
δR(g) = Rαβδg
αβ + gαβδRαβ. (3.43)
The last part will be evaluated using the explicit form of the Ricci tensor (3.24). Briefly,
the part δRαβ includes terms such as ∂(δΓ) and ΓδΓ, where Γ is again the Levi-Civita
connection (indices are implicitly included). In chapter 2, we have seen that, unlike Γ,
the term δΓ is a true tensor. One may then apply the covariant derivatives on this tensor
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as
∇µ(δΓλαβ) = ∂µ(δΓλαβ) + ΓλκµδΓκαβ − ΓκµαδΓλκβ − ΓκµβδΓλακ. (3.44)
Now, by using the expressions (3.24) and (3.44) we can show the following important
relation
δRαβ = ∇λ
(
δΓλαβ
)
−∇β
(
δΓλαλ
)
. (3.45)
Although we have referred to the Levi-Civita connection, the last relation is completely
independent on the metric tensor and it holds for an arbitrary (symmetric) affine con-
nection. Expression (3.45) will be very important in the affine dynamics in the next
chapter.
Having the two expressions (3.42) and (3.45) at hand, variation of action (3.37) takes
the following form
δS =
1
2κ
∫
d4x
√
||g||
(
Rαβ − 1
2
gαβR+ Λgαβ
)
δgαβ
+
1
2κ
∫
d4x
√
||g||
[
gαβ
(
∇λ(δΓλαβ)−∇β(δΓλαλ)
)]
+
∫
d4x
√
||g||
(
δLm
δgαβ
− 1
2
gαβLm
)
δgαβ. (3.46)
Now since the covariant derivative of the metric tensor (and its inverse) vanishes, then
the second term in (3.46) takes the form∫
d4x
√
||g||
[
∇λ(gαβδΓλαβ)−∇β(gαβδΓλαλ)
]
=
∫
d4x
√
||g|| ∇λV λ, (3.47)
where we have defined the vector V µ as
V λ = gαβδΓλαβ − gαλδΓκακ (3.48)
Explicitly, its covariant divergence is written as
∇λV λ = ∂λV λ + Γλκλ V κ, (3.49)
where the “trace” of the connection on the last term can be easily calculated in terms
of the metric from (3.9) as
Γλκλ =
1
2
gµν∂κgµν . (3.50)
As we have done for the variation of the metric tensor to derive the expression (3.40),
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similarly, the right had side of the last equation can be written in terms of the determi-
nant of the metric tensor. Thus
Γλκλ =
1
2
∂κ||g||
||g|| ≡
∂κ
√||g||√||g|| . (3.51)
The last expression is substituted into the covariant derivative (3.49) leading to the
useful expression of the covariant divergence
∇λV λ = 1√||g||∂λ
(√
||g||V λ
)
. (3.52)
What is remarkable here is that with this expression, the term (3.47) is nothing but a
total ordinary divergence. Finally, the variation of the gravitational action takes the
form
δS =
∫
d4x
√
||g||
{
1
2κ
(Gαβ(g) + Λgαβ)− 1
2
Tmαβ
}
δgαβ +
∫
d4x∂λV
λ, (3.53)
where the last term is called the energy-momentum tensor of matter
Tmαβ = −
2δLm
δgαβ
+ gαβLm. (3.54)
It is important to shed light on the nature of the last term of (3.53). At first glance
one may think that this term is a total divergence and then by applying the Stokes’s
theorem, this integral vanishes. However, this is not trivial as one may think. The
Stokes’s theorem would lead to a surface term which vanishes at infinity if the metric
variation vanishes at infinity. The essential problem is that the integral at hand depends
on the derivative of the metric variation too, and then it will clearly contribute to the
boundary term. This is a consequence of the nonlinearity of action (3.37) in the metric,
which requires an additional term in order to cancel the unwanted boundary contribution
[18].
Finally, “assuming” that the last term in (3.53) does not contribute to the total variation,
we get the gravitational field equations, namely Einstein’s equations with matter
1
2κ
(Gαβ(g) + Λgαβ)− 1
2
Tmαβ = 0 (3.55)
or in a standard form
Gαβ(g) + Λgαβ = κT
m
αβ. (3.56)
The simplest case is Einstein’s field equations in vacuum, this is the case where space
is free of matter and any source of gravity, then Tmαβ = 0 and Λ = 0. One solution of
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Einstein’s equations in this case is clearly the flat spacetime metric (3.1). In the other
cases, the solutions are curved spacetime metrics which are described by components of
the energy-momentum tensor. These can be a mass, an energy density and pressure...etc.
Another simple but important case, is the spacetime with only a cosmological constant,
Tmαβ = 0 but Λ 6= 0. The spacetime curvature in this case is caused by a source of
constant energy and pressure and it could be described by an energy-momentum tensor
of the form
TΛαβ = −
Λ
κ
gαβ. (3.57)
In general relativity, this tensor can be simply postulated to be zero if the cosmological
constant Λ vanishes. This can be realized from the beginning in the action (3.37).
However, for some reasons which will be clear in the next chapters, this cosmological
constant may receive nonzero contributions from different sources, the case that makes
it impossible to vanish. We will call the tensor (3.57), the energy-momentum tensor of
vacuum. But here let us take Λ = 0 for simplicity
To determine the constant κ, one has to make the weak field limit where Newtonian
gravity is valid. To simplify the calculation, it is useful to write the left hand side of
Einstein’s equations (3.56) in terms of only the Ricci tensor. By contracting both sides
of equation (3.56), we get
−R = κTm, where Tm = gαβTmαβ. (3.58)
Now we substitute this in equation (3.56) and finally we get
Rαβ = κ
(
Tmαβ −
1
2
gαβT
m
)
, (3.59)
which are Einstein’s field equations written differently.
Under the weak field approximation (3.11), the Ricci tensor (3.24) takes the form
Rαβ =
1
2
ηκσ (∂α∂κhσβ + ∂σ∂βhακ − ∂σ∂κhαβ − ∂α∂βhσκ) . (3.60)
Then, the 00 component reads
R00 = −1
2
ηκσ∂σ∂κh00 = −1
2
~∇2h00, (3.61)
where we have taken a static field, ∂0h00 = 0.
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If matter is taken pressureless, which is a good approximate case, the 00 component of
the right hand side of equation (3.59) will be given then by the energy density as [17]
Tm00 −
1
2
g00T
m =
1
2
ρ. (3.62)
Now remember that the component of the perturbed metric h00 is given in terms of the
gravitational potential φ as in (3.17), and then the weak field limit of the gravitational
equations (3.61) reads
1
c2
~∇2φ = c
2κ
2
ρ. (3.63)
This equation must coincide with the Poisson equation (3.18), and finally the constant
κ becomes
κ =
8piGN
c4
. (3.64)
In fundamental units, this defines an inverse of a square of a mass, called the Planck
mass MPl. In fact, it is believed that in addition to Newton’s gravitational constant,
the fundamental constants c (speed of light) and the Planck constant ~ when combined
together lead to a fundamental scale at which gravity is “supposed” to gain a quantum
description ! This scale is embodied in the following quantities which define a mass,
length and a time respectively
MPl =
√
~c
GN
' 1019 GeV (3.65)
lPl =
√
~GN
c3
' 10−33 cm (3.66)
tPl =
√
~GN
c5
' 10−44 sec. (3.67)
In the following chapters, we will use Planck mass rather than Newton’s constant, and
we will take (with ~ = c = 1)
M2Pl ' (8piGN )−1. (3.68)
3.1.3 Testable predictions of general relativity
Like every physics theory, Einstein’s general relativity had to be confronted with exper-
iment. In the following, we present the tests of Einstein’s gravity which are made in the
Solar System, some of these tests are proposed by Einstein himself when he formulated
his theory. The details behind understanding the proposed tests are based on particular
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(spherically symmetric) solution of Einstein equations (3.56) called Schwarzschild solu-
tion. Solutions of Einstein’s field equations are not the aim of this thesis, however one
may find more details in the references given below.
• Bending of light (Gravitational lensing):
One of the phenomena that has not been known or detected before the appearance
of general relativity is the deflection or bending of light by a gravitating mass.
Einstein proposed this fact as a first possible test of his theory. In flat spacetime,
light travels in straight lines, i.e, the geodesics of the flat geometry. In the presence
of a massive object, like the Sun, light rays will follow the geodesics of the new
curved background around this object, leading to a deflection of its path as shown
in Figure 3.1. Detailed calculation based on Schwarzschild solution, show that the
Figure 3.1: Light rays coming from a star are deflected by the gravitational field of
the Sun (curvature of spacetime around it) [19].
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angle of deflection is given in terms of the mass of the object M as follows
δφ =
4GNM
bc2
, (3.69)
where b is the apparent impact parameter [10].
This predicts a bending of 1.75 second of arc, which has been confirmed by Ed-
dington in 1919 during a Solar eclipse [20, 21].
• Precession of planet Mercury:
Newtonian theory of gravity predicts closed paths of the planets in the Solar System
in agreement with elliptical orbits observed by Kepler. Neglecting any possible
gravitational perturbation from other objects, the angle swept out by any planet
during one revolution is indeed ∆ϕ = 2pi. However, in the case of planet Mercury,
an anomalous perihelion shift (from 2pi) given by [18, 20]
δϕ = 43.11
′′ ± 0.45′′ per century (3.70)
remained unexplained in the context of Newton’s theory even by considering the
gravitational perturbations of nearby planets.
The Schwarzschild solution provides a deviation from the closed elliptical orbits.
The deviation is translated by the following predicted perihelion shift [18, 20]
δϕ =
6piGN
c2
(
M
a(1− e2)
)
, (3.71)
where M is the mass of the Sun, a is the semi-major axis of the orbit and e is the
so called eccentricity.
This has led to a value δϕ = 43.04
′′
per century, which is precisely the well known
precession of the perihelion (see Figure 3.2 below).
Planet Mercury is the closest planet to the Sun where the (strong) gravitational
effects need relativistic corrections.
Chapter 3 36
Figure 3.2: Diagram illustrating the precession of the perihelion of Planet Mercury
[19].
• Gravitational redshift:
For a distant observer, an atomic light spectrum emitted near a gravitational field
is redshifted. In fact, at a fixed point in space, i.e, dxi = 0, the passage of time
is given by the proper time, cdτ =
√
g00dt, which is written near a gravitational
field as
dτ =
√
1− 2φ
c2
dt '
(
1− φ
c2
)
dt, (3.72)
where we have used the weak field (3.17).
The previous equation gives us the difference between the time rates, near the
gravitational field and at the infinity
dτ =
√
1− 2φ
c2
dt '
(
1− φ
c2
)
dτ∞. (3.73)
Near the gravitational field of Earth, where φ(r) = −GNM/r, with M being the
mass of the Earth, the last equation leads to a difference in the frequencies given
by
∆ν
ν
=
gz
c2
, (3.74)
where z is the hight from the Earth’s surface, and g ' 9.78m/s2 is the gravitational
acceleration of the Earth.
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Thus, the frequency of light emitted by a source near the gravitational field will
be subjected to red (blue) shifts. This gravitational frequency shifts is a direct
consequence of the equivalence principle itself, and it has been firstly confirmed
with a terrestrial experiment made by Pound and Rebka in 1959 [20, 22]. An
accurate test of the gravitational redshift has been performed around 1976, using
a Hydrogen maser in rocket [23, 24].
• Gravitational waves:
An astonishing prediction of the general theory of relativity is the gravitational
waves. We have seen that weak deviations from flatness of spacetime would lead
to the equation of motion of the weak field h00 which has been interpreted as the
gravitational potential in the Newtonian limit. In general, for the weak curvature
(3.60), the Einstein’s field equations in vacuum take the form
hµν = 0, (3.75)
where the d’Alembert operator is given by
 = ηαβ∂α∂β = ~∇2 − ∂
2
c2∂t2
. (3.76)
Detailed discussion about the derivation of equation (3.75) and the gauge choices
is beyond the scope of our thesis, and for more details we refer the reader to
textbooks like [16].
Equation (3.75) is a standard wave equation which describes the propagation of
the weak field hµν . These spacetime ripples, or gravitational waves, have been
supposed to be generated from different astrophysical sources, like the merging of
two compact objects such as neutron stars and black holes [14, 16, 17]. The final
confirmation of the detection of these waves has been announced by the LIGO2
group in 2017 and has led to the Nobel prize in physics in the same year [25].
2It is for Laser Interferometer Gravitational-Wave Observatory in Louisiana USA.
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3.2 Palatini formalism: metric-affine gravity
It became clear now that gravity described by general relativity is a manifestation of the
curvature of spacetime. A new geometry that goes beyond Euclidean geometry had to be
used as an attempt to formulate a theory of gravity in terms of curvature. Einstein has
simply used the Riemannian geometry where the Levi-Civita connection is completely
fixed by the metric tensor. The reason is simply that when Einstein formulated his
general theory of relativity, differential geometry was generally limited to Riemannian
(or metric) spaces. However, physicists and mathematicians have realized later that
the general covariance of the physical laws is not restricted to those spaces, and one
may consider, in addition to the metric tensor, an affine connection which is completely
independent of the metric.
The simplest approach based on both metric and affine connection as an independent
fundamental fields is called the Palatini formalism [16]. In turns out that this approach
recovers general relativity, and it is considered then as a different formulation of the
latter.
Palatini approach to gravity starts with the following invariant action
SPl[g,Φ] =
1
2κ2
∫
d4x
√
||g||gµνRµν(Γ) + Sm[g,Φ], (3.77)
where in this case, the Ricci tensor which appears in the first integral is the Ricci tensor
resulting from the curvature of the affine connection
Rµν(Γ) = R
α
µαν(Γ), (3.78)
not the Ricci tensor of the metric gµν .
Here, the action Sm[g,Φ] represents the couplings to matter fields, which we denote Φ.
For simplicity, the affine connection is taken symmetric, and then the variation of the
Ricci tensor with respect to the affine connection reads
δRµν = ∇λ(δΓλνµ)−∇ν(δΓλλµ). (3.79)
The total variation becomes
δSPl =
1
2κ2
∫
d4x
√
||g||
[
Rµν(Γ)− 1
2
gµνg
αβRαβ(Γ)− κ2Tµν
]
δgµν
− 1
2κ2
∫
d4x
√
||g||
[
∇λ(
√
||g||gµν)− δµλ∇α(
√
||g||gαν)
]
δΓλµν
+δSm[g,Φ]. (3.80)
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Two field equations are obtained
Rµν(Γ)− 1
2
gµνg
αβRαβ(Γ) = κ
2Tµν , (3.81)
and
∇λ(
√
||g|| gµν)− δµλ∇α(
√
||g|| gαν) = 0. (3.82)
Now, by contracting the indices µ and λ in the last equation we get
∇α(
√
||g|| gαν) = 0, (3.83)
and finally equation (3.82) becomes
∇λ(
√
||g|| gµν) = 0. (3.84)
This dynamical equation must lead to a relation between the affine connection and the
metric tensor. To solve this equation, we firstly expand the covariant derivative in terms
of the connection, this gives
gµν∂λ
√
||g||+
√
||g|| ∂λgµν +
√
||g||
(
Γµλαg
αβ − Γααλgµν + Γνλα
)
= 0, (3.85)
Multiplying by gµν (contraction) we find
2
√
||g||Γααλ = 4∂λ
√
||g||+
√
||g||gµν∂λgµν . (3.86)
The last term of the previous equation is given by
√
||g|| gµν∂λgµν = −2
√
||g|| ∂λ ln
√
||g||. (3.87)
If we substitute this into equation (3.86), we get
Γααλ = ∂λ ln
√
||g|| (3.88)
With all this together, the dynamical equation (3.85) reads
∂λg
µν + Γµαλg
αν + Γναλg
µα = 0, (3.89)
which is equivalent to
∇λgµν = 0. (3.90)
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Since we have gµνgνα = δ
µ
α, the last equation implies
∇λgµν = 0. (3.91)
This is simply the compatibility equation, and it shows that the affine connection is re-
duced to the Levi-Civita connection Γλµν(g), of the metric gµν . Thus, the field equations
(3.81) are nothing but Einstein’s field equations of GR. Although we have started with
an action different than Einstein-Hilbert action, the GR is recovered, this means that
Palatini formalism is nothing but a different formulation of GR, and the latter is derived
only a posteriori. This feature can be realized once we introduce an affine connection as
an independent parameter.
Now, the metricity equation (3.91) which has been arisen a posteriori shows that the
spacetime is again a Reimannian space. Palatini formalism is a particular case of a gen-
eral type of theories called metric-affine gravity, and the metricity condition is obtained
since we have simply taken a symmetric connection. In general, metric-affine theories
of gravity are based on the metric tensor and an independent affine connection without
metricity condition. The latter may not be obtained, but instead, the metric tensor
always satisfies the nonmetricity equation
∇λgµν = Qλµν , (3.92)
where the nonmetricity tensor Qλµν measures the failure of the conservation of the metric
tensor under parallel displacement.
Extended metric-affine theories of gravity have shown that Qλµν 6= 0, the case that
violates the compatibility between the metric and the connection [26]. Metric-affine
gravity is a subject beyond the scope of this thesis, and for more details on this topic,
we refer the reader to some references like [27, 28].
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Purely Affine gravity: metrical
structure from vacuum energy
and affine connection
The essential achievement of GR,
namely to overcome rigid space, is
only indirectly connected with the
introduction of a Riemannian metric.
The directly relevant conceptual
element is the displacement field Γλµν ,
which expresses the infinitesimal
displacement of vectors.
—Albert Einstein
4.1 Affine structure of spacetime
The gravitational theories discussed in the last chapter are clearly based on the metric
tensor as a fundamental field of gravity. In Palatini formulation, an additional degree of
freedom is added as an affine connection completely independent of the metric. Thus,
one raises the question of which field can be considered fundamental. If it is the metric
tensor, then the theory is simply general relativity and its extensions. If not, we will be
left with only the affine connection, or in the words of Schro¨dinger: can one not go a
step beyond Palatini and base a theory on affine connection alone? [29].
It is worth addressing this question from a fundamental point which concerns the struc-
ture of spacetime at large and short scales. As we have seen in the first chapter, the
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concept of metric tensor, in both flat and curved backgrounds, is essential since it is
the only “machinery” that provides us with the measurements of distances, clock rates
and angles. Spacetime at large scales has in fact this metric structure, and cosmological
observations are strongly based on the notions of angles and distances. However, there
is no fundamental reason for which the universe has started with this familiar geomet-
ric structure at very early times. It is known for decades, that the existence of singular
regions in space, such as black holes and the initial singularity (big-bang) suggest a com-
pletely different and primary structure for spacetime. In fact, at short distances, where
quantum effects, translated by Heisenberg uncertainty principle, are not avoidable, the
measurements of distances and clock rates break down.
Since the concepts of distances, time intervals and angles became essential at large scales,
and since they are encoded in the metric tensor, it is convenient to give an origin to this
later from a fundamental quantity of spacetime. In the absence of the metric tensor,
the spacetime is simply an affine space. The concept of parallel transfer which we have
explored in the first chapter requires an important quantity called affine connection. It
is only with this connection that we can make covariant operations, like the derivation
and then we are able to compare vectors and tensors in different points in space. Our
fundamental quantity is then the affine connection. This quantity indirectly adds a new
tensor field which is the torsion tensor. However, the space is torsion-free, if the affine
connection is simply symmetric. In what follows, we will be interested only in this case;
an affine torsionless connection.
The difficulty that we face when choosing only an affine connection is in the construction
of the invariants which are necessary for the principle of least action. Since we are
familiar with the operation of contraction which is performed by the metric tensor, it
seems then impossible to define affine actions. However in general, invariants and volume
measure do not need any process of contraction. As we have seen in the last chapter when
defining the Einstein-Hilbert action, the general coordinate invariant volume element is
defined only in terms of the square-root of the determinant of a rank-two tensor. This
tensor was simply taken as the metric tensor itself. In affine space, the only rank-two
tensor constructed by the affine connection is the Ricci tensor. It is this tensor that
provides us with the simplest and relevant affine actions which will be taken as the basis
towards a general affine approach to gravity. The simplest case that we shall explore in
the next section goes back to Eddington and it is considered as a different formulation of
GR in vacuum since it leads to Einstein’s field equations with a cosmological constant.
Eddington’s gravity will be our guide in exploring affine gravity with scalar fields where
the cosmological constant or vacuum energy plays an important role in affine space.
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4.2 Eddington gravity as the simplest affine theory
Spacetime arena is supposed to be an affine space, endowed only with an affine connec-
tion Γ, and its associated curvature which leads to the Ricci tensor as given in (2.31)
Rαβ(Γ) = ∂µΓ
µ
αβ − ∂βΓµαµ + ΓµσµΓσαβ − ΓµσβΓσαµ (4.1)
Eddington proposed an action for gravity which is based only on a symmetric affine
connection and the symmetric part of the Ricci tensor (4.1) as follows [29, 30]
SEdd =
2
Λ
∫
d4x
√
||R(αβ)(Γ)||, (4.2)
where Λ is a nonzero constant and
Γλνµ = Γ
λ
µν , R(αβ) =
1
2
(Rαβ +Rβα). (4.3)
Throughout this work, we will drop the symmetrization sign, and then the symmetric
part of the Ricci tensor will be implicitly understood.
Here, the variation of this action will be performed with respect to the affine connection
Γ. For the Ricci tensor, we have seen that it is given by relation (3.79). Using relation
(3.39), we easily show that
δ
√
||Rαβ|| = 1
2
√
||Rαβ|| (R−1)βαδRαβ. (4.4)
Then, the variation of action (4.2) reads
δS =
1
Λ
∫
d4x
√
||R|| (R−1)νµδRµν(Γ)
=
1
Λ
∫
d4x
√
||R|| (R−1)νµ
(
∇λδΓλνµ −∇νδΓλλµ
)
= − 1
Λ
∫
d4x
[
∇λ
(√
||R||(R−1)νµ
)
δΓλνµ −∇ν
(√
||R||(R−1)νµ
)
δΓλλµ
]
+
1
Λ
∫
d4x
[
∇λ
(√
||R||(R−1)νµδΓλνµ
)
−∇ν
(√
||R||(R−1)νµδΓλλµ
)]
(4.5)
Since the connection is torsionless, the last two terms are total (covariant) divergence,
and then they vanish by applying the Stokes’ theorem [31]. The remaining parts of
integral (4.5) can be rearranged leading to the equations of motion
1
Λ
{
∇λ
(√
||R||(R−1)µν
)
− δµλ∇ρ
(√
||R||(R−1)ρν
)}
= 0. (4.6)
This dynamical equation describes the evolution of the affine connection. The affine
connection, though taken symmetric, is considered arbitrary in action (4.2). However,
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the affine variational principle provides us with constraints on this connection, and then
only solutions that satisfy equation (4.6) will describe the gravitational equations.
To proceed, let us take a look at the second term of (4.6). This term includes a covariant
“divergence”, and then if we make µ = λ, the dynamical equation becomes
∇ρ
(√
||R||(R−1)ρν
)
= 0. (4.7)
Thus, the second term of (4.6) vanishes, leaving only a simple equation of motion
1
Λ
∇λ
(√
||R||(R−1)µν
)
= 0. (4.8)
This equation is solved by introducing an invertible and covariantly-constant tensor field
gαβ such that
1
Λ
√
||R||(R−1)αβ =
√
||g||(g−1)αβ, and ∇µgαβ = 0. (4.9)
The second condition, ∇µgαβ = 0, or the compatibility condition, which arises now
dynamically, defines completely a Levi-Civita connection of the tensor gµν
gΓµαβ =
1
2
gµλ (∂αgβλ + ∂βgλα − ∂λgαβ) . (4.10)
The tensor gµν plays the role of the “metric” tensor which is generated a posteriori and
not postulated a priori as in general relativity.
Now, the gravitational field equations are described by the first identity in (4.9). This
identity can be written in a tensorial form as
Rαβ(g) = Λgαβ. (4.11)
Since the affine connection is reduced to the Levi-Civita or the metric connection, then
the tensor in the left hand side of equation (4.11) is nothing but the Ricci tensor of the
metric g. Thus, equations (4.11) are Einstein’s field equation in the presence of (only)
a cosmological constant Λ. Remember that this constant must not vanish, a condition
that protects action (4.2) from going singular. The new feature of Eddington’s gravity
is the fact that there is no flat limit solution to the field equations, i.e, spacetimes that
satisfy Rλρµν = 0.
Eddington’s gravity then is based solely on an affine connection, and this later is forced
by a dynamical equation to coincide with the Levi-Civita of a generated metric tensor.
The theory reproduces clearly the field equations of general relativity in vacuum with
its metric structure. It is clear now that Eddington’s gravity is a theory in vacuum, and
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then an extension of it is needed to include matter fields. This will be the goal of the
next section.
4.3 Affine gravity with matter
In purely metric theory of gravity (general relativity), matter-gravity interaction is
described by generalizing the field theory Lagrangian densities, by replacing the flat
Minkowski metric ηµν by the curved spacetime metric gµν . However, coupling matter to
gravity in purely affine gravity (in the absence of curved metric) is not trivial. Attempts
have been made to write different models for different matter fields [32, 33]. The affine
actions proposed in those models depend on the matter fields. Scalar field for instance is
described by a Lagrangian density which is derived from Legendre transformation of its
purely metric form. Kinetic and the potential terms no longer appear as a sum in this
Lagrangian density. However, a classical Electrodynamics Lagrangian derived using the
same transformation is found to have the form of its purely metric Lagrangian where the
metric tensor is replaced by the symmetric part of the Ricci tensor. In the limit of zero
fields, those actions are undefined even in curved space when the Ricci tensor appear
explicitly in their definition. This problem stems from the absence of the vacuum energy
(the cosmological constant) in those actions. In fact, in Eddington gravity, the metric
tensor is generated only if the latter is nonzero. To solve this problem, affine models of
classical electrodynamics and a nonzero cosmological constant are proposed in [32, 34].
The main result there is that there is no model of purely affine gravity that contains all
matter terms of the standard model of particle physics.
Here, we will address the coupling of scalar fields in the context of pure affine gravity,
and discover the new features of this gravity. But before that, it is useful to present
briefly how scalar fields are coupled to gravity in the presence of metric tensors.
4.3.1 Scalar field coupling in metric gravity
4.3.1.1 Minimal coupling
Here, spacetime is endowed with a metric tensor gµν which describes distances and angles
and invariant quantities. Among these invariants is the volume measure formed by the
square root of the determinant of the metric tensor
√−g. In this theory, gravity-scalar
field coupling is described by the following action
S
(1)
Met =
∫
d4x
√−g
[
M2Pl
2
R (g)− 1
2
gµν∂µφ∂νφ− V (φ)
]
, (4.12)
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where V (φ) is the potential associated with the scalar field φ.
The gravitational equations arise from variation of this action with respect to the metric
tensor. These are given by
M2PlGµν (g) = ∂µφ∂νφ−
1
2
gµν (∂φ)
2 − gµνV (φ) , (4.13)
where the right hand side defines the energy momentum tensor of the scalar field
T φµν = ∂µφ∂νφ−
1
2
gµν (∂φ)
2 − gµνV (φ) , (4.14)
which can be easily obtained from the general form (3.54).
The dynamics of the scalar field φ is governed by the following Klein-Gordon equation
derived from (4.12) by varying with respect to φ
φ− V ′ (φ) = 0, where  = 1√||g||∂µ
(√
||g||∂µφ
)
. (4.15)
The coupling gravity-scalar field given by (4.12) is called minimal since the field φ is
directly coupled to the metric gµν . It is straightforward to construct this sort of coupling
by taking the scalar field action in flat spacetime and replacing the Minkowskian metric
by the curved metric tensor.
The action (4.12) has the following two important properties:
1. As in the case of flat spacetime action, kinetic terms (derivatives) of the scalar
field and potentials come in summation.
2. The later property means that action (4.12) is valid for all potentials V (φ) and
then gravitational equations in the standard vacuum where φ = constant (or zero)
and V (φ) = 0 arise easily in the theory.
4.3.1.2 Nonminimal coupling and conformal transformation
The same metrical properties of spacetime are valid here. Invariants are formed by the
metric tensor gµν postulated a priori.
Nonminimal coupling in metric gravity is described by a direct interaction of matter
with the curvature of the spacetime. The simplest interaction is performed through the
Ricci scalar, and to that end, action (4.12) is extended by adding an explicit interaction
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term between the scalar field φ and R(g) as follows
S
(2)
met = S
(1)
met +
∫
d4x
√−g
(
ξ
2
φ2R (g)
)
, (4.16)
where ξ is a dimensionless parameter.
Similarly, the following gravitational field equations are derived by varying this action
with respect to the metric tensor, and they are written as
M2PlGµν (g) = T
φ
µν + ξ∇µ∇νφ2 − ξφ2gµν − ξφ2Gµν (g) , (4.17)
where T φµν is the energy momentum of the scalar field given by (4.14).
Variation with respect to φ yields
φ− V ′ (φ) + ξφR (g) = 0. (4.18)
Like the minimal case, we enumerate here some properties of nonminimal coupling in
metric gravity:
1. As we see from the total action (4.16), the nonminimal coupling ξφ2 is an additive
term.
2. Due to the nonlinearity of action (4.16), i.e. the presence of the second deriva-
tive of the metric tensor, the energy momentum tensor gains additional terms
proportional to the derivative of the scalar field and it is given as
Tmetµν = ξ∇µ∇νφ2 − ξφ2gµν − ξφ2Gµν (g) . (4.19)
Finally we have two couplings to gravity, one minimal described by action (4.12) and a
nonminimal coupling (4.16). It turns out that one may easily make a transition between
the two actions by performing particular transformations called conformal transforma-
tion, followed by a field and potential redefinitions. The conformal transformation is
the mapping that allows the transition between two metric tensors gµν and g˜µν via the
following relation
g˜µν = Fgµν , (4.20)
where in our case, the function F is given in terms of the field φ as
F(φ) = 1 + ξφ
2
M2Pl
. (4.21)
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Action (4.16) is transformed to (4.12) using (4.20) and the following redefinitions
dφ˜ =
√
1
F (φ) +
3F ′2 (φ)
2M2PlF2 (φ)
dφ, V˜ (φ˜) =
V (φ)
F2 (φ) . (4.22)
These transformations lead to two possible “distinct” frames; the Einstein frame where
the theory is written as (4.12), and Jordan frame in which the action takes the form
(4.16). Classically, the two frames are considered “equivalent”. However, this equiva-
lence breaks down when quantum fluctuations are relevant [35–44]. We will come back
to the frame ambiguity later when we study affine inflation.
Next we will consider the purely affine theory where the metric tensor is absent and see
that the last properties are no longer valid.
4.3.2 Scalar field coupling in affine gravity
4.3.2.1 Minimal coupling
Unlike metric gravity, the metric tensor is absent here, we need only an affine connection
and its associated curvature. The affine connection is considered arbitrary, however, for
simplicity, it can be taken symmetric Γλνµ = Γ
λ
µν . The affine action must be based on
the following quantities:
1. Invariant volume measure:
A concrete theory of gravity must be described by a covariant field equations which
are derived from a principle of least action. This requires an invariant measure
which replaces the volume measure
√||g|| of GR and other metric theories. In
the absence of the metric tensor, the simplest alternative is the square root of the
determinant of another possible rank-two tensor. In affine spacetime, this can be
simply constructed from curvature, thus, the Ricci tensor Rµν(Γ). In the presence
of matter, which is taken here as a simple scalar field φ, then its kinetic structure
∇µφ∇νφ might also play an important role in forming this invariant. In other
word, the possible invariant volume measure will be considered as the square root
of the determinant of the linear combination of both quantities; Ricci tensor and
kinetic structure of the scalar field. For simplicity, we will be interested only in
the symmetric part of the Ricci tensor, Rµν = R(µν).
2. Scalar integrand :
The scalar field φ enters affine space through its kinetic structure, and the remain-
ing part is its potential energy V (φ). Like any scalar function, this simply enters
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the action as a multiplicative term. However, attention should be given to this
part, since the case V (φ) = 0 would lead to zero or an infinite (singular) action.
To avoid this unwanted case, we must impose V (φ) 6= 0 everywhere. This is a
novel property which is restricted to affine gravity.
With all these properties at hand, the affine action can be written as
S[Γ, φ] =
∫
d4x
√
||M2PlRµν(Γ)−∇µφ∇νφ||
V (φ)
, (4.23)
wherein we have taken a symmetric connection, Γλµν , and the tensor Rµν refers only to
the symmetric part of the Ricci tensor.
The affine gravity (AG) action in (4.23) is considered here as the simplest form of a pure
affine theory of gravity coupled to a scalar field. As we shall see below, the equations of
motion derived from this action are found to be equivalent to those of GR. This has been
proposed for the first time by Kijowski where the metric tensor arises as the momentum
canonically conjugate to the connection [32, 33].
Unlike action (4.12) of metric gravity, the AG action (4.23) is singular at V (φ) = 0.
Thus, the scalar field must always have a nonzero potential energy. If we take φ = φmin
as the value of the scalar field for which V (φ) attains its minimum, this theory requires
then V (φmin) 6= 0. This describes the nonzero vacuum energy.
Now, the field equations must be derived by varying action (4.23) with respect to the
affine connection Γ. To that end, one gets∫
d4x
√||K(Γ, φ)||
V (φ)
(K−1)αβ
(
∇λ(δΓλαβ)−∇β(δΓλαλ)
)
= 0, (4.24)
where ∇ is the covariant derivative with respect to the affine connection, and the tensor
Kµν is given by
Kµν (φ) = M
2
PlRµν (Γ)−∇µφ∇νφ. (4.25)
By integrating by parts and getting rid of the surface terms, we obtain
∫
d4x
[
∇ν
(√||K(Γ, φ)||
V (φ)
(K−1)µνδκλδ
σ
µ
)
−∇λ
(√||K(Γ, φ)||
V (φ)
(K−1)µνδκµδ
σ
ν
)]
δΓλκσ = 0
(4.26)
Chapter 4 50
This leads to the dynamical equation
∇ν
(√||K(Γ, φ)||
V (φ)
(K−1)σν
)
δκλ −∇λ
(√||K(Γ, φ)||
V (φ)
(K−1)κσ
)
= 0. (4.27)
Taking the trace of the last equation, one shows that the first term vanishes, and finally
this dynamical equation is equivalent to
∇α
{√||Kµν (φ) ||
V (φ)
(
K−1
)µν}
= 0. (4.28)
The solution to this equation is provided by the existence of a rank-two symmetric tensor
gµν which defines with its inverse (g
−1)µν , a constant scalar density satisfying√||Kµν (φ) ||
V (φ)
(
K−1
)µν
= M2Pl
√
|| g || (g−1)µν . (4.29)
This implies that∇αgµν = 0, and then the affine connection is reduced to the Levi-Civita
connection of the tensor gµν
Γλµν → Γλµν(g) =
1
2
gλσ(∂µgνσ + ∂νgµσ − ∂σgµν). (4.30)
The new tensor gµν with its compatibility condition that leads to its associated connec-
tion (4.30) plays then the role of a metric tensor. This metric tensor is not postulated
a priori as in GR, but it arises dynamically from the affine structure. This approach
provides a first argument towards the “emergence” of metrical elasticity of space which
we will explore later in this paper.
Before proceeding to the scalar field dynamics, we should point out here an important
point that concerns the Lorentzian signature of the generated metric. At first glance,
one may notice that the metric tensor is given in terms of the affine connection and
the scalar field as in (4.29). In imposing the physical signature, the solution to this
dynamical equation must be taken such that the tensor Kµν(Γ, φ) defined by (4.25), has
one signature, say (−,+,+,+) [32].
Given the a posterior metrical structure, the equations of motion now are nothing but
the equality (4.29), which is written
M2PlRµν −∇µφ∇νφ = gµνV (φ) . (4.31)
Contracting, raising and lowering the spacetime indices in the standard way can be
performed using the metric tensor. Thus, the equation of motion (4.31) can be easily
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recast to a standard form as
M2Pl
(
Rµν − 1
2
gµνR
)
= ∇µφ∇νφ− 1
2
gµν(∇φ)2 − gµνV (φ) . (4.32)
Now variation of the action (4.23) with respect to the scalar field φ leads to the following
equation of motion
φ− V ′ (φ) = 0. (4.33)
The study made here, shows that the minimal coupling dynamics in the context of affine
gravity is equivalent to that of metric gravity. The equivalence of the two formalisms
has been shown for the first time in [32, 33].
As we will see latter, metric gravity and affine gravity are no longer equivalent in the
case of nonminimal couplings.
4.3.2.2 Nonminimal coupling
The simplest generalization of action (4.23) is to introduce a “nonminimal” coupling
term that enters the volume element, this is realized as follows
S [Γ, φ] =
∫
d4x
√|| (M2 + ξφ2)Rµν (Γ)−∇µφ∇νφ ||
V (φ)
,
(4.34)
where M is an arbitrary constant of mass dimension.
Like (4.23), this action is invariant under general coordinate transformations. Addi-
tionally, the action may acquire other internal symmetries depending on the potential
energy. For instance, the term inside the determinant has a Z2 symmetry.
Following the procedure made for the minimal coupling case, one may easily derive the
following dynamical equation by varying action (4.34) with respect to the symmetric
connection Γ
∇α
{(
M2 + ξφ2
) √||Kµν (φ) ||
V (φ)
(
K−1
)µν}
= 0, (4.35)
where in this case, the tensor Kµν is defined as
Kµν (φ) =
(
M2 + ξφ2
)
Rµν (Γ)−∇µφ∇νφ. (4.36)
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Similarly, this equation is solved as
(
M2 + ξφ2
) √||Kµν (φ) ||
V (φ)
(
K−1
)µν
= M¯2
√
|| g || (g−1)µν , (4.37)
where M¯ now, is a constant of integration.
Then, the affine connection is reduced to the Levi-Civita connection of the tensor gµν
Γλµν → Γλµν(g) =
1
2
gλσ(∂µgνσ + ∂νgµσ − ∂σgµν). (4.38)
Equations (4.37) are rewritten as
(
M2 + ξφ2
)
Rµν −∇µφ∇νφ = gµν
(
M¯2
M2 + ξφ2
)
V (φ) . (4.39)
In a standard form, one may show that the last equations are equivalent to
Rµν − 1
2
gµνR =
1
M2 + ξφ2
[
∇µφ∇νφ− 1
2
gµν(∇φ)2 − gµνV (φ)
]
+gµν
M2 − M¯2 + ξφ2
(M2 + ξφ2)2
V (φ) . (4.40)
For the case ξ = 0, Einstein’s field equations for minimal coupled scalar field implies
that both constants M and M¯ must equal the Planck mass
M¯ = M = MPl. (4.41)
Finally, the last condition shows that a single scalar field φ is coupled to gravity through
affine connection and its Ricci tensor via the following action [8]
SAG [Γ, φ] =
∫
d4x
√
|| (M2Pl + ξφ2)Rµν (Γ)−∇µφ∇νφ ||
V (φ)
, (4.42)
and the gravitational field equations derived from this action are written as
Rµν − 1
2
gµνR =
1
M2Pl + ξφ
2
[
∇µφ∇νφ− 1
2
gµν(∇φ)2 − gµνV (φ)
]
+gµν
ξφ2(
M2Pl + ξφ
2
)2V (φ) (4.43)
Now variation of the action (4.42) with respect to the scalar field φ leads to the following
equation of motion
φ− V ′ (φ) + ξφR (g) + Ψ (φ) = 0, (4.44)
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where the function Ψ (φ) is given by
Ψ (φ) =
ξφ2
M2Pl + ξφ
2
V ′ (φ)−
(
2ξφ
M2Pl + ξφ
2
)
gµν∇µφ∇νφ. (4.45)
In conclusion, we point out the following differences between Affine Gravity (AG) de-
scribed by action (4.42) and Metric Gravity (MG) based on action (4.16):
1. The theories are conceptionally different since they are based on different funda-
mental fields. In MG, matter couples to the metric, whereas this latter is absent
in AG, and matter then couples to affine connection.
2. Nevertheless, the theories provide equivalent equations of motion for the minimal
coupling case.
3. The theories are inequivalent in the presence of nonminimal couplings.
4.3.3 Mapping to minimal coupling in affine gravity
The question now is how to recast the gravitational field equations (4.43) to standard
Einstein equations? What is the associated conformal transformation in this setup?
The answer to this is that there is no need for conformal mapping to get the standard
Einstein equation. In fact, one only needs to redefine the scalar field φ and its potential
V (φ) as
dφ˜ =
dφ√F (φ) , and V˜ [φ˜(φ)] = V (φ)F2(φ) . (4.46)
In terms of the new field φ˜, one may easily show that the field equations (4.43) and
(4.44) are, respectively, written as
Rµν − 1
2
gµνR = M
−2
Pl
[
∇µφ˜∇ν φ˜− 1
2
gµν(∇φ˜)2 − gµν V˜ (φ˜)
]
, (4.47)
φ˜− V˜ (φ˜) = 0. (4.48)
These equations are familiar in general relativity, they describe the dynamics of a scalar
field φ˜ minimally coupled to gravity via the metric tensor gµν . In other word, both
fields are coupled (through equations of motion) to the same metric which is generated
dynamically in our setup. This can be seen in a standard form from the transformation
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of the action (4.42) under the field redefinition (4.46)
SAG [Γ, φ]→
∫
d4x
√
||M2PlRµν (Γ)−∇µφ˜∇ν φ˜ ||
V˜ (φ˜)
. (4.49)
This action represents the standard minimally coupled scalar field in affine spacetime.
Following the same procedure made previously, one derives the equations of motion
(4.48).
4.3.4 Multifields in affine gravity
Coupling matter to affine gravity is not restricted to single scalar fields, in fact, affine
spacetime accommodates multifields too. The general affine action which describes the
scalar fields φA coupled to the affine connection, is written as [45]
S[Γ, φA] =
∫
d4x
√|| F(φ1, . . . , φN )Rµν (Γ)− δAB∇µφA∇νφB ||
V (φ1, . . . , φN )
. (4.50)
This action generalizes the affine theory of a single field (4.42) and the dynamics of the
fields may easily be obtained by following the same procedure made so far. The theory
is valid for general nonzero potentials V (φ1, . . . , φN ) 6= 0, where one may impose some
specific symmetries on the field space, like SO(N) symmetry. In this particular cases,
one may have to add an additional piece to the potentials to prevent the action from
going singular at the poles of the potential function. This additional term may be simply
a cosmological constant.
The gravitational equations are derived by varying the last action with respect to the
affine connection Γ. This leads to the following dynamical equation
∇α
{
F(φ1, . . . , φN )
√
||K(Γ, φA) ||
V (φ1, . . . , φN )
(K−1(Γ, φA))µν
}
= 0, (4.51)
where we have used for brevity the following tensor
Kµν(Γ, φ
A) = F(φ1, . . . , φN )Rµν (Γ)− δAB∇µφA∇νφB. (4.52)
Solution to the dynamical equation (4.51) requires an invertible tensor gµν where the
connection is compatible with it, i.e,
∇αgµν = 0, (4.53)
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and satisfies the identity
√
|| g ||(g−1)µν = F(φ1, . . . , φN )
√
||K(Γ, φA) ||
V (φ1, . . . , φN )
(K−1(Γ, φA))µν . (4.54)
The last identity is nothing but a compact form of a gravitational field equations with
matter and it is easy to put it in a tensor form as
F(φ1, . . . , φN )Rµν (Γ)− δAB∇µφA∇νφB = gµν V (φ
1, . . . , φN )
F(φ1, . . . , φN ) . (4.55)
Now the tensor gµν plays the role of a metric, and the connection Γ is reduced to the
Levi-Civita connection of this metric. This tensor can be used then for raising, lowering
as well as contractions. To that end, one may write the last equation in terms of Einstein
tensor as
F(φ1, . . . , φN )Gµν(g) = δAB∇µφA∇νφB − 1
2
gαβδAB∇αφA∇βφBgµν
−V (φ
1, . . . , φN )
F(φ1, . . . , φN ) . (4.56)
The equation of motion of a scalar field φA is obtained by varying with respect to φB.
This leads after simplification to the following equation
φA − V,A + 1
2
F,AR(g) + Ψ = 0, (4.57)
where the Comma refers to the derivative with respect to the field φA, and the function
Ψ is given by
Ψ = (1−F−1)V,A −F−1F,AgαβδCD∇αφC∇βφD. (4.58)
The action (4.50) that leads to the complicated equations of motion (4.56) and (4.57)
can be recast to a simpler action which describes a minimally coupled multifields. This
is done without altering the geometric part (connection or curvature), but only by a
field redefinition of the form
dφA → dφ˜A = MPl√F dφ
A. (4.59)
This reparametrisation must be followed by a potential rescaling as
V → V˜ = M
4
Pl
F2 V (φ
1, . . . , φN ). (4.60)
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In this case, the action (4.50) takes the following form
S[Γ, φA]→
∫
d4x
√
||M2PlRµν (Γ)− δAB∇µφ˜A∇ν φ˜B ||
V˜ (φ˜1, . . . , φ˜N )
. (4.61)
This action represents the theory of multifields minimally coupled to gravity through
affine connection. As can be easily checked by using the transformations (4.59) and
(4.60), the gravitational equations (4.56) are reduced to the standard Einstein equations
sourced by scalar fields φ˜A and the same spacetime metric tensor gµν . This is also
the result one can obtain when performing the variation of action (4.61) with respect
to the connection and solve the obtained dynamical equations. This remarkable result
is restricted to affine gravity where metrical properties are not defined a priori, and
then no conformal transformation makes sense. The absence of this latter prevents
the appearance of the additional unwanted terms which are proportional to the field
derivatives, and then provides us with a canonical kinetic terms of the fields. Different
matter fields here which can be obtained from each other through field redefinition couple
to the same and unique spacetime metric.
4.3.5 Induced affine gravity
Despite the big difference between the physics of gravity and the physics of the standard
model (SM) of elementary particles, people have tried to incorporate some of the inter-
esting phenomena of the SM into gravity. One promising attempt has been the concept
of spontaneous symmetry breaking which has been the central to the Electroweak in-
teraction. Since the latter mechanism causes some scalar fields to have nonzero vacuum
expectation values, leading to generation of masses of the mediators (gauge bosons), it
has been suggested then, that Newton’s constant (gravitational coupling constant) could
be generated in the same mechanism [46]. In fact, both weak and gravitational coupling
constants appear as an inverse of mass squared.
The mechanism is generally based on a theory of a scalar φ coupled to the spacetime
scalar curvature R (g) as follows
S =
∫
d4x
√
||g||
[
1
2
ξφ2R (g)− 1
2
gµν∇µφ∇νφ− V (φ)
]
,
(4.62)
where gµν refers to the metric tensor of the manifold, and ξ is dimensionless constant.
It is straightforward to see that Einstein-Hilbert action is obtained when the field takes a
constant value φ = v (generally, it minimizes the potential) and then Newton’s constant
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appears as
GN = 1/8piξv
2, (4.63)
where the vacuum expectation value becomes of the order of the planck mass, or
√
ξv ∼
MPl.
The above mechanism is called induced gravity (IG); it is a theory of gravity based
on a scalar-tensor theory and it leads to Einstein’s general relativity via spontaneous
symmetry breaking.
Although it leads correctly to Einstein’s general relativity, it may not reflect a complete
emergence of gravity based on its “metrical” structure. In fact, classical gravity in its
germinal Einstein’s general relativity is a theory of the spacetime metric. This latter
represents the gravitational field, and gravity then is a measure of the effects on rods
and clock rates. These effects are incorporated in the metric tensor, and then it is this
“metrical elasticity” which is the origin of gravity at large scales. At that end, it might
be interesting if one is able to generate this metrical elasticity of space. In the metric IG
based on action (4.62), this metric structure is already postulated as a Lorentzian man-
ifold, thus generation of Einstein-Hilbert action does not mean generation of “metrical
elasticity”.
In this section we will show that affine gravity may also be induced via spontaneous
symmetry breaking. At the beginning, the spacetime is simply endowed with an affine
connection which permits the parallel displacements without angle and distance mea-
sures. This is a consequence of the absence of the metric properties which makes the
coupling, matter-geometry, non trivial. However, a scalar field, enters the setup with an
explicit coupling with the curvature of this affine connection. At a non zero expectation
value (vev), Newton’s constant is generated, requiring that the vev is of the order of
the Planck mass. This mechanism leaves a nonzero part in the potential which becomes
necessary for generating the metric tensor, where at the vacuum, the obtained field
equations are equivalent to GR with a cosmological constant.
Our aim in this section is to incorporate the concept of spontaneous symmetry breaking
in affine spacetime and generate the gravitational sector of the affine gravity (4.23), and
then derive the equations of motion by generating the metric tensor.
A scalar field φ is simply coupled to the Ricci curvature tensor through the following
fundamental action [9]
S [Γ, φ] =
∫
d4x
√|| ξφ2Rµν (Γ)−∇µφ∇νφ ||
V (φ)
, (4.64)
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where ξ is a dimensionless parameter.
The new coupling given by action (4.64) has two important properties. Firstly, both
geometry and matter field terms define the invariant volume measure, i.e, the square
root of the determinant. Matter field enters this measure by its derivative (kinetic part)
in a tonsorial form. Second, the potential energy enters the action separately in division,
and then theory prevents zero potential, V (φ) 6= 0. The second property is important
for the early universe where the field φ requires a non zero potential to get all the phase
of inflation done [47–52].
Here, we will assume a spontaneous symmetry breaking potential which attains its min-
imum at v
V (φ) =
λ
4
(
φ2 − v2)2 , (4.65)
where λ is some coupling constant.
Clearly, this potential tends to zero at φ = v and then leads to singular action (4.64).
The simplest and convenient way out to this singularity is to add a nonzero constant
term V0 and then
V (φ) = V0 +
λ
4
(
φ2 − v2)2 . (4.66)
A nonzero constant in the potential implies and guarantees a nonzero cosmological con-
stant even at the end of inflation (see Figure 4.1 below). The remarkable feature is that
this vacuum energy is necessary for the generation of the metric tensor in the complete
absence of the scalar fields [8] (see also the discussion below).
Figure 4.1: Spontaneous symmetry breaking potentials (4.65) (dashed line) and (4.66)
(solid line). The latter never vanishes, and at the vacuum φ = v, it produces the
cosmological constant. This is the minimum value of the potential, and it leads to the
metric tensor through the solution (4.71) at the vacuum.
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Now, the nonminimal coupling of the scalar field φ to the curvature in action (4.64)
induces the term
ξ
〈
φ2
〉
Rµν(Γ), (4.67)
which leads to the affine gravity action (4.23) for
ξv2 = M2Pl. (4.68)
It has been suggested a long ago, that although gravity and the SM physics could not
come into a unified picture, however, there might be a unified mechanism which provides
a possible link between the two. For instance, this mechanism can be responsible for the
mass scale of gravity and for a spontaneous symmetry breaking [46]. The gravitational
interactions in its pure affine picture where the metrical properties are absent, are also
induced here via spontaneous symmetry breaking mechanism. This again suggests the
existence of a relevant mass scale v = MPl. Interestingly, we will see that if this Induced
Affine Gravity (IAG) tends to be equivalent to general relativity, then the gravitational
constant must also be generated with the metric tensor. This will show how the affine
gravity is able to induce both, Newton’s constant and the metrical elasticity.
Variation of action (4.64) with respect to the affine connection Γ leads to the following
dynamical equation
∇µ
{
ξφ2
√||K(Γ, φ)||
V (φ)
(
K−1
)αβ}
= 0, (4.69)
where we have put for simplicity the following tensor
Kµν(Γ, φ) = ξφ
2Rµν(Γ)−∇µφ∇νφ. (4.70)
Metrical properties will arise only after integrating the dynamical equation (4.69). So-
lution to this equation will be given in terms of an invertible, rank two tensor gµν , such
that
M2
√
||g||(g−1)µν = ξφ2
√||K(Γ, φ)||
V (φ)
(
K−1
)µν
(4.71)
and
∇αgµν = 0, (4.72)
where the constant M is an integration constant of mass dimension.
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Obviously, the connection Γ which has been taken arbitrary in action (4.64), is reduced
now to the Levi-Civita connection gΓ of the generated tensor gµν , through equations of
motion, thus
gΓλµν =
1
2
gλσ (∂µgσν + ∂νgµσ − ∂σgµν) . (4.73)
The new tensor gµν plays the role of a metric tensor and the spacetime geometry acquires
metrical structure only a posteriori. To that end, the gravitational equations are written
in a compact form (4.71), this density equality can be put now in a tonsorial form as
ξφ2Rµν(g)−∇µφ∇νφ = gµνV (φ)
(
M2
ξφ2
)
. (4.74)
The last equations can be brought to a standard form, in terms of Einstein tensor, after
contracting and getting the Ricci scalar
ξφ2Gµν = ∇µφ∇νφ− 1
2
gµν∇λφ∇λφ− gµνV (φ)
(
M2
ξφ2
)
. (4.75)
These field equations are not equivalent to the ones resulting from action (4.62) of metric
induced gravity (see Ref.[8] for similar comparison.) However, at the vacuum,
〈
φ2
〉
= v2,
affine gravity (4.64) is equivalent to the metric gravity (4.62), where
M =
√
ξv = MPl. (4.76)
This can be easily checked from (4.71) where the vacuum energy V (v) = V0 plays an
important role in generating the metric tensor.
Since there are different contributions to vacuum energy, we will assume that they are
all incorporated in the piece V0, which is associated to the observed value through [8]
V0 ∼ m4ν , (4.77)
where mν is the neutrino mass.
As we have seen, induced affine gravity is realized here via spontaneous symmetry break-
ing. The mechanism provides the generation of both, the scale of gravity MPl and the
metric elasticity of space (metric tensor). The last property never holds in standard
(metric) induced gravity. In Chapter 6, we will apply this setup to inflation and show
that like metric induced gravity, it also provides a large tensor-to-scalar ratio.
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4.3.6 Vacuum energy and the generated metric tensor
Up to now, the transition between non-minimal and minimal coupling in affine gravity
is shown without referring to any physical principle that underlies the equivalence of the
theories. However, affine gravity based on the structure of the actions proposed so far,
provides a good reason for that. The key point is that the affine actions are singular
at V (φ) = 0, which means that the scalar field must always have a non-zero potential
energy. This property holds for multifields too.
The nonzero potential of different fields may be described by a nonzero primordial part
V0 which keeps the affine action non-singular even in the absence of the fields. This
turns out to be the vacuum energy. The presence of this quantity in the affine spacetime
imposes (covariantly) an energy momentum tensor of vacuum Tµν with a non-singular
inverse (T−1)λρ. This naturally defines a Levi-Civita connection as [53]
TΓλµν =
1
2
(T−1)λρ (∂µTνρ + ∂νTρµ − ∂ρTµν) (4.78)
with respect to which
∇TµTαβ = 0. (4.79)
Originally, it is this fundamental structure which provides a solution to the dynamical
equations (4.35) and (4.51). In fact, equation (4.35) is solved and put in the following
form [8]
(M2Pl + ξφ
2)Rµν −∇µφ∇νφ =
(
M2Pl
M2Pl + ξφ
2
)
V (φ)
V (φmin)
Tµν . (4.80)
The vacuum energy momentum tensor which is inherently contained in affine spacetime
can be incorporated in its mixed form in terms of V (φmin) as
Tµν ≡ V (φmin)δµν (4.81)
= V (φmin)Tνα(T
−1)αµ.
The transition to minimal coupling is made by transforming the equations of motion
(4.80) under the field redefinition (4.46). Since both vacuum energy V (φmin) and its
energy momentum tensor Tµν are redefined, they form an invariant ratio
Tµν
V (φmin)
=
T˜µν
V˜ [φ˜(φmin)]
≡ δµν . (4.82)
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This identity tensor which facilitates the covariant description of vacuum energy in affine
spacetime reflects the metrical properties implicitly. In fact, the dimensionless metric
tensor is nothing but the “unique” ratio
Tµν
V (φmin)
=
T˜µν
V˜ [φ˜(φmin)]
≡ gµν . (4.83)
With this metric tensor at hand, the gravitational equations can be recast to a minimally
coupled case without conformal transformation.
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Standard cosmology and inflation
I deal with the view now tentatively
held that the whole material universe
of stars and galaxies of stars is
dispersing; the galaxies scattering
apart so as to occupy an
ever-increasing volume.
—Sir Arthur Eddington
5.1 Standard model cosmology and its shortcomings
In this Chapter we will study some basic ideas behind relativistic cosmology. The latter
is a vast subject, and much more details put it beyond the scope of this thesis. For
that reason, the reader will be referred, in some cases, to some advanced and detailed
references.
5.1.1 Hubble law and the expansion of the universe
Observations made in the last century have shown that our galaxy, the Milky Way, takes
part of numerous similar galaxies in a large patch of space which is accessible to these
observations. Local regions of this observed universe formed by stars and clusters of
galaxies are subjected to different changing due to the astrophysical evolutions of these
objects. However, a remarkable properties of the universe at very large distances are its
homogeneity and isotropy. The universe looks the “same” in every point seen from every
direction. This remarkable feature has been stated by Edward Milne as the cosmological
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principle. From this principle, one realizes that the impression of having a center for the
universe is illusory.
A series of observations performed in late 1920 showed that the spectra of light emitted
by distant galaxies are redshifted. This means that the frequencies of the emitted light
obey a “cosmological” Doppler effect. The conclusion of these observations made finally
by Edwin Hubble in 1930 demonstrated that the redshifts are the results of the recession
of these distant galaxies. In other words, the observed distant galaxies are moving apart
from the Milky way. A remarkable feature which has been announced by Hubble is that
the redshifts increase with the distance of the galaxy from which light is emitted, thus,
the farther the galaxy the faster it moves apart. This has been finally stated as the
(empirical) Hubble law, which is written in terms of the velocity v of any galaxy at a
distance D
v = H0D, (5.1)
where the constant of proportionality H0 is called the “present” Hubble constant, and
recent Planck observation determined its value as
H0 = 67 km/sec/Mpc. (5.2)
This simply means that a galaxy 1 Mpc away, which is about three light years, recedes
from us with a velocity of 67 km/sec. The Hubble law (5.1) is shown in Figure 5.1 for
different distant galaxies.
Figure 5.1: Hubble diagram (original 1920 Hubble results) showing the linear relation
(5.1) between distance and velocity for different galaxies [19].
The feature of the recession of the distant galaxies is applied to the whole observed
universe. The cosmological principle stated above implies that every observer in a typi-
cal1 galaxy realizes the same effect (the recession) when observing other galaxies. The
galaxies are not only receding from us but they move apart from each other.
1A galaxy is typical if its motion is only carried along with the general cosmic flow of galaxies [54]
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At the epoch, the idea of a static, unchanging universe, was the dominant belief, and
it took some time for cosmologists to come out with a confident interpretation of the
observations carried out by Hubble. The actual reason of the observed redshifs, or the
recession of the galaxies, is the increase in the distances (size) between these galaxies.
The distant galaxies are considered as comoving frames situated in an expanding space.
The universe then is no longer static, but it expands carrying the galaxies along with it
[55].
The observational facts discussed above had a theoretical reason in the framework of
general relativity. The latter is a theory of the dynamics of spacetime, and it can
be applied to the universe itself. Einstein’s equations (3.56) relates the geometry of
spacetime to the matter (and energy) contained in it, and the dynamics of the latter
trivially implies a dynamical spacetime. Solutions of Einstein’s field equations are after
all an expanding or a contracting space. Historically, Einstein himself did not feel
comfortable with these dynamical solutions, and in order to avoid them, he introduced
a cosmological constant term similar to the last term in the right hand side of equation
(3.56). If a specific value, which is proportional to the matter density of the universe, is
given to that constant, the gravitational attraction of matter would be counterbalanced
by this additional density leading to a static universe. This model of the universe has
been shown to be instable by Eddington, shortly before the idea of an expanding universe
came out [56], and Einstein has abandoned this constant2 stating that it was his biggest
blunder.
In what follows we will explore the theoretical description of the expanding universe and
see how both observation and theory, have led to the Big Bang model.
5.1.2 Robertson Walker metric and the Big Bang model
Models of the universe, or the cosmological models, are based mostly on the cosmological
principle, that is to say the universe is homogeneous and isotropic on scales at least larger
than 100 Mpc. This is supported by the homogeneity of Cosmic Microwave Background
(CMB) radiation observed in 1965 to which we will return later.
The geometrical description of the cosmological models which are compatible with
the cosmological principle are described by a four-dimensional spacetime metric called
2The cosmological constant is reconsidered as a possible reason for the accelerated expansion of the
universe after the measurements of the luminosity of Ia supernovae in 1998 [3]. Additionally, it has been
known a long ago that this constant term is not avoidable in cosmology.
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Friedmann-Robertson-Walker (FRW) metric and it is written as
ds2 = −c2dt2 + a2(t)
[
dr2
1− kr2 + r
2dθ2 + r2 sin2 θdϕ2
]
. (5.3)
The quantity a(t) is called the scale factor which depends on the cosmological proper
time3 t. The constant k determines the curvature of the spatial sections of this geometry,
and it falls into three categories as follows (see also Figure 5.2)
k = 0 : Flat space section
k = +1 : Positively curved space section
k = −1 : Negatively curved space section.
Figure 5.2: Three possible geometries of the spatial sections of the FRW spacetime
(5.3).
Based on the FRW spacetime metric (5.3), one may easily predict the recession of
galaxies described by the empirical Hubble law (5.1). In fact, at any instant of time, the
proper distance D between our galaxy (at r = 0) and another (at r) is given by
D = a(t)
∫ r
0
dr′√
1− kr′2 . (5.4)
This shows that the distance between the two galaxies changes with time and it is
proportional to the scale factor.
Now, the velocity of the galaxy is given by the time derivative of D, thus
v =
dD
dt
= a˙(t)
∫ r
0
dr′√
1− kr′2 , (5.5)
and finally, using (5.4) again to get rid of the integral, we find
v =
a˙(t)
a(t)
D. (5.6)
3In cosmology, unlike relativity, there is a preferred time parameter t, this is called the cosmological
proper time.
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This is another form of Hubble law (5.1), and it shows how the velocity of the distant
galaxy changes with distance at different times. The Hubble constant H0 given in (5.2)
represents the present value of the Hubble parameter
H(t) =
a˙(t)
a(t)
. (5.7)
As we have seen here, the recession of galaxies are nothing but the consequence of the
expansion of the three dimensional space section. This expansion is overall described
by the time dependent scale factor. In an expanding space, light emitted from distant
sources (galaxies) suffers a cosmological redshift. In fact, since light travels along a
“null” geodesic, ds2 = 0, one may show that if a signal of light is emitted at a time te
with a wavelength λe, then it will be received by an observer at t0 with a wavelength
λ0 =
a(t0)
a(te)
λe. (5.8)
Since the scale factor increases with time, then light is redshifted, λ0 > λe, exactly as
observed by Hubble (see Figure 5.3 below).
Figure 5.3: Redshifts of light signals due to the expansion of space as given in equation
(5.8).
The cosmological principle provides us with the possible description of the geometry of
the universe, i.e, the FRW metric (5.3), however, the dynamics of the universe, or the
time evolution of the scale factor a(t) remains vague. To fill this gap, we have to apply
the gravitational equations where curvature of spacetime responds to the contents of the
universe (matter-energy). Matter (and energy) in the universe is generally postulated as
a perfect fluid with density ρ and pressure p. In a covariant form, its energy-momentum
tensor is given in terms of its (average) four-velocity uµ = δµ0 , by [16, 17]
Tµν =
(
ρ+
p
c2
)
uµuν +
p
c2
gµν . (5.9)
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This allows us to adapt Einstein’s equations (3.56) to the line element (5.3) and get for
the “time-time” and “space-space”, the following equations
a˙2 + kc2 =
8piGN
3
ρ a2 +
Λ
3
(5.10)
2aa¨+ a˙2 + kc2 = −8piGN
c2
p a2 +
Λ
3
. (5.11)
These equations can be easily arranged and they lead finally to the Friedmann equations(
a˙
a
)2
=
8piGN
3
ρ− kc
2
a2
+
Λ
3
, (5.12)
a¨
a
= −4piGN
3
(
ρ+ 3
p
c2
)
+
Λ
3
. (5.13)
The time evolution of the scalar factor, is given then as the solution of these equations
for every type of matter (and energy). The latter which is described by the energy-
momentum tensor (5.9), satisfies the covariant conservation law ∇µTµν = 0. When it is
adapted to the metric (5.3), it leads to
ρ˙+ 3
a˙
a
(
ρ+
p
c2
)
= 0. (5.14)
This conservation equation can easily be derived differently from the Friedmann equa-
tions (5.12) and (5.13), by taking the time derivative of the first and then using the
second one.
In Table 5.1, we summarize the time evolution of the scale factor a(t) for different
contents of the universe; radiation, matter (dust) and vacuum (cosmological constant).
Table 5.1: Energy density and pressure for different perfect fluids, and time evolution
of the associated scale factor a(t).
Radiation Matter (dust) Vacuum (cosmological constant)
Equation of state p = 13ρ p = 0 p = −ρ
Energy density ρ ∼ a−4(t) ρ ∼ a−3(t) ρ = const
Scale factor a(t) ∼ t1/2 a(t) ∼ t2/3 a(t) ∼ eαt
There is a strong relation between the geometry of the universe (curvature of the space
sections) and matter. This relationship can be seen from the first Friedmann equation
(5.12) which can be written for the present time as
kc2
a2
=
8piGN
3
ρtot −H20 +
Λ
3
, (5.15)
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where we have introduced the total energy density, including matter ρm and radiation
ρr.
It is important to define the so called critical density as
ρcr =
3H20
8piGN
' 10−26kg/m3, (5.16)
and finally we get
kc2
a2
=
8piGN
3
(ρm + ρr + ρΛ − ρcr) , (5.17)
where the cosmological constant contribution is given here in terms of its energy density
ρΛ =
c2Λ
8piGN
. (5.18)
The conclusion of all these is the fact that the geometry of the universe is flat (k = 0),
negatively curved (k < 0) or positively curved (k > 0) if the total energy density of
the universe (including vacuum energy) equals, less or larger than the critical density
respectively.
Now, what is the total energy density of the universe and what is its geometry? Luminous
objects, such as stars and galaxies, namely baryonic4 matter, form an average density
[57]
ρb ' 10−28kg/m3. (5.19)
In cosmology, matter refers to the (approximately) pressureless “matter”, or dust. It
turns out that, the baryonic matter given by its energy density (5.19) is not the only
form of matter in the universe. In fact, there is a “strong” evidence for the existence of
a (not) luminous matter in galactic haloes. This non-baryonic matter, which is called
dark matter has been postulated as an attempt to explain the flatness5 of the observed
galactic rotation curves [1, 2]. The ratio of the energy density of dark matter to the
critical density is estimated as [57]
Ωdm ' 0.27± 0.004, (5.20)
which is considered as a large contribution to the mass of the universe.
4Baryonic matter refers to all type of matter that are formed by baryons; protons and neutrons.
5Observational data show that in the outer part of the galactic haloes, the radial velocities of galaxies
slowly rise or keep constant (nearly flat), which implies that there is a missing mass.
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The final contribution to the energy density of the universe comes from thermal radia-
tion, this is nothing but the energy density of the 2.73 K photons of the cosmic microwave
background (see discussion below). This is estimated as [57]
ρr ' 10−31kg/m3, (5.21)
which is very tiny, and negligible compared with that of matter and dark matter.
The geometry of the universe has been determined from the measurements of the
anisotropy of the cosmic microwave background radiation [14]. These measurements
are consistent with a flat spatial geometry, i.e, k = 0. In this case, the contents of the
universe would satisfy
ρm + ρr + ρΛ = ρcr. (5.22)
In terms of the dimensionless parameter Ωi = ρi/ρcr, the last identity is equivalent to
Ωm + Ωr + ΩΛ = 1. (5.23)
This identity shows us that ordinary baryonic matter, radiation, as well as dark matter
are not enough to “make” the universe flat!. In fact, previous estimations show that
Ωm + Ωr ' 0.28, thus a significant contribution from the cosmological constant, ΩΛ '
0.68, is necessary. Up to now, this contribution has been introduced as a possible nonzero
term in Einstein’s equations, however, there are different possible origins for it though
its physical nature and the problem of its value have not been settled yet. The energy
associated to the cosmological constant has another great implication on the dynamics
of the universe. In fact, if this contribution dominates the energy density of the universe
as it is clear from the previous discussion, than, the second Friedmann equation (5.13)
would imply an accelerating phase rather than a decelerating one as was expected for
decades. The acceleration of the expansion became a real fact since its confirmation for
the first time in 1998 from the measurements of the supernovae typeIa [3], and have led
to the Nobel prize in 2011.
Let us return now to the idea of an expanding universe, where only matter, dark matter
and radiation (Λ = 0) play an important role in its dynamics. If we extrapolate the
history of the universe, the expansion of the universe means that its size was smaller
and smaller at early times than now. The time evolution of matter a−3(t) and radiation
a−4(t) clearly show that at a very early time when the scale factor was infinitely small
(goes to zero), the universe gained an infinite energy density which led to an initial sin-
gularity. However, this very hot and dense phase, named the hot big bang model provides
us with a good description of the early universe which is consistent with observation. As
Chapter 5 71
have been proposed by Gamow and his collaborators in 1948, the high energy density
and high temperature would lead to thermal equilibrium between matter and radiation
that filled the universe at early time [58]. The early universe has a character similar
to that of a blackbody, and since the energy density of the latter is proportional to its
temperature T as ρ ∝ T 4, one may easily show that the temperature of the universe
drops as
T ∝ 1
a(t)
. (5.24)
This relationship between the temperature and the size of the universe is the basis of
the so called nucleonsynthesis of the light elements. As we go back in time, the scale
factor decreases and the universe becomes hot enough leading to high energy processes
such as pair creations. For instance, electron-positron pairs would take place when a
temperature T ∼ 1010 K and higher, is reached. Indeed, the energy associated to this
temperature is about kT ∼ 1 MeV (k is the Boltzmann constant), which is greater than
the rest mass of the electron (or positron), mec
2 ∼ 0.5 MeV. Different particle pro-
cesses will take place, and the thermal equilibrium is maintained by primordial nuclear
reactions like
e− + e+ 
 γ + γ and p+ n
 d+ γ. (5.25)
As the universe expands one expects the inverse processes to happen. In this case
electron-positron would be annihilated leaving only photons. As the temperature goes
down (with the expansion), some of the light elements like Hydrogen, Deuterium and
Helium up to Lithium are synthesized. Abundances of these primordial light elements
are in high agreement with their observed amounts, and this fact became one of the
greatest confirmation of the hot Big Bang model [58, 59].
When the temperature goes down to about 3000 K, it becomes possible for the nu-
clei and the electrons to be combined. In this recombination era the first atoms are
formed, and the universe becomes transparent6. It is only after this era, that photons
start to propagate freely in the expanding universe, and they form the so called Cos-
mic Microwave Background radiation (CMB). Remarkably, this radiation which had the
blackbody character in the beginning, retained the same character under the expan-
sion of space. These radiations are subjected to redshifts and at the present epoch its
temperature is dropped to 2.73 K. The CMB radiations (Figure 5.4) have been finally
detected (on Earth) by Penzias and Wilson in 1965 and it was considered as the first
remarkable confirmation of the the big bang model.
6Before this, the existed photons scatter by the free electrons and then the universe was completely
opaque [54].
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Figure 5.4: The homogeneous cosmic microwave radiations that fill the observed sky.
As we shall see later, the origin of the tiny inhomogeneities (small red regions) are due
to the small perturbations that are generated during inflation [57].
5.1.3 Flatness and horizon problems
The hot Big Bang model described above is based originally on a universe which is
dominated only with matter and radiation. A nonzero cosmological constant Λ became
necessary only in later times when the expansion of the universe started accelerating. A
universe with Λ = 0 is radiation dominated in its beginning, and this phase is followed
later by a matter dominated era. Although it has been successful in describing some
of the interesting (observed) phenomena, such as the origin of the CMB radiation and
the primordial nucleonsynthesis of the light elements, the big bang model in the above
picture fails in explaining naturally the initial conditions of the universe ! Among the
shortcomings of the big bang model are the flatness and horizon problems.
The former stems from the fact that the point Ωtot = 1 is unstable when the universe
is dominated by matter and (or) radiation. To see this fact, let us write again the
Friedmann equation (5.15) as
k
(aH)2
= Ωtot − 1. (5.26)
Herein, the factor (aH)−1 is called the comoving Hubble radius, and in standard cos-
mology, where the universe is dominated by matter or radiation (Λ = 0), it grows with
time. In fact, from table 5.1, one may easily check that
1
aH
=
t
1
3 , for matter
t
1
2 , for radiation.
Given this contribution, the left hand side of equation (5.26) is simply increasing with
time, thus, the universe becomes rapidly dominated by a nonzero curvature term. The
flatness problem then can be stated as follows
Why the parameter Ωtot is exactly unity, but not less or larger?
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The horizon problem is somehow related to the failure in the explaining the remarkable
isotropy of the CMB radiation. In fact, only regions which have been in causal contact
in the past (when radiation last scattered from matter) could have the same temperature
today! It turned out however that in the standard model cosmology, different patches of
the universe who are causally disconnected, have also the same temperature [59, 60]. This
has been shown from the accurate isotropy of the CMB radiation, where ∆T/T ∼ 10−5.
5.2 Inflationary paradigm
Inflationary scenario proposed in 1981 by Alain Guth provided a possible solutions to
the horizon and flatness problems mentioned above [47]. The basic idea at the heart
of inflation is that the universe, at a very early stage, has undergone a phase of a very
rapid accelerated expansion that flattens the spacial section of the universe, and makes
the universe homogeneous by stretching the size of its early inhomogeneities.
This early phase is realized generically by an exponential expansion of the form
a(t) ∝ eHt, (5.27)
where in this case, the Hubble parameter H must be given in terms of a vacuum energy
provided by a potential of a new “substance”, that dominates the energy density of the
universe in its early time.
Under this rapid expansion, the Friedmann equation which has been written as (5.26),
takes the form
Ω(t)− 1 ∝ k
e2Ht
. (5.28)
The presence of the exponential term in the right hand side means that the inflationary
phase drives the universe to Ω = 1 very rapidly, leading to a flat universe consistent
with current observational data.
This phase can be simply driven by a nearly homogeneous scalar field φ. The dynamics of
the latter is described in Einstein gravity by the field equations (4.13) and (4.15). These
equations can be easily adapted to the FRW universe (5.3), and then the homogeneous
field φ(t) will satisfy the following equations
H2 =
1
3M2Pl
(
φ˙2
2
+ V (φ)
)
, (5.29)
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and
φ¨+ 3Hφ˙+ V ′(φ) = 0, (5.30)
where we have ignored the curvature term k due to (5.28). As stated above, in this
mechanism, the energy density of the universe must be dominated by the potential
energy of the inflaton φ (see Figure 5.5), thus we suppose that
φ˙2  V (φ), |φ¨|  |3Hφ˙|, |φ¨|  V ′(φ). (5.31)
These conditions lead to simple equations of motion
Figure 5.5: The dominant potential energy remains nearly constant during inflation
(flat potential). After inflation, the inflaton rolls down converting the potential to
kinetic energy.
H2 ' V (φ)
3M2Pl
, 3Hφ˙ ' −V ′(φ). (5.32)
When applying the slow-roll conditions (5.31), it is useful to define the so called slow-roll
parameters which are given by
 =
M2Pl
2
(
V ′(φ)
V (φ)
)
, η = M2Pl
(
V ′′
V (φ)
)
. (5.33)
These parameters became useful when solving for φ at the beginning and at the end of
inflation. To see this clearly, let us apply the second Friedmann equation (5.13) where
in this case (Λ = 0) the energy density and pressure of the inflation are given by
ρ =
φ˙2
2
+ V (φ), and p =
φ˙2
2
− V (φ). (5.34)
These are the components of the energy-momentum tensor (4.14). To that end, we get
a¨
a
= − 1
3M2Pl
(
φ˙2 − V (φ)
)
, (5.35)
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which clearly shows that the expansion is speeding up when the potential energy domi-
nates the right hand side.
Using equation (5.29), the last equation takes the following form
a¨
a
= H2
(
1− φ˙
2
2M2PlH
2
)
. (5.36)
A simple calculation based on the (slow-roll) equations of motion (5.32) shows that the
last term in the right hand side of the previous equation is nothing but the parameter 
φ˙2
2M2PlH
2
' M
2
Pl
2
(
V ′(φ)
V (φ)
)
≡ , (5.37)
thus the second Friedmann equation takes a simple and an interesting form
a¨ = aH2 (1− ) . (5.38)
During inflation the parameter  remains smaller than unity, which guarantees that the
inflaton is slowly moving, and then the inflationary phase ends when  = 1.
As an example, inflation can be driven by a potential of the form V (φ) = m2φ2/2, which
easily gives
 =
2M2Pl
φ2
, (5.39)
thus inflation ends ( = 1) when φ = φend '
√
2MPl. Before this ( < 1), φ >
√
2MPl.
To solve the horizon problem, the largest scales (wavelengths) observed today might
have been inside the horizon at the beginning of inflation as illustrated in Figure 5.6.
For this reason, it is useful to know how many e-folds are required for inflation. This e-
foldings number of inflationary expansion will be noted N , and it arises from dN = Hdt.
This provides a relation between the scale factors at the beginning and at the end of
inflation; aend = e
N × astart. In general, the e-folds number is given as
N ≡
∫ tend
tstart
Hdt (5.40)
' − 1
M2Pl
∫ φend
φstart
V (φ)
V ′(φ)
dφ. (5.41)
For the previous given example of the mass term potential, we get
N ' φ
2
i
4M2Pl
− 1
2
. (5.42)
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Figure 5.6: From left to right: During inflation, the flat (nearly constant) potential
renders the Hubble radius constant leaving the modes growing inside the horizon until
they cross it. After inflation, the Hubble radius starts expanding (radiation era) and
the modes reenters the horizon [61].
As we see, the value of the number of the e-folds determines the initial value of the infla-
ton, for example at the time the observed CMB radiations are created. Determination
of the exact value of N is not trivial, nevertheless, one may derive its possible values as
follows. From the redshift relation (5.8), the the initial scales λstart are related to the
present scales λ0 as
λstart = λ0
astart
a0
, (5.43)
where the present scales are λ0 = H
−1
0 (the Hubble radius).
Now, we can evaluate the remaining term in terms of the time evolution of the temper-
ature of the universe (5.24), thus
astart
a0
=
astart
aend
× aend
a0
= e−N × T0
Tend
, (5.44)
where aend and Tend refer to the scale factor and the temperature during the radiation
dominated epoch (end of inflation!). Finally, the scales evolve as follow
λstart = H
−1
0
(
T0
Tend
)
e−N . (5.45)
Since this initial physical scale must be less than the Hubble horizon during inflation,
i.e, λstart < H
−1, then equation (5.45) leads to [62, 63]
N > 60 + log
(
Tend
1015GeV
)
. (5.46)
This number, which is taken usually, N = 62, is the number of e-foldings required to
put all the regions of the observed universe in causal contact at the time of the last
Chapter 5 77
scattering (creation of the CMB). The energy scale, 1015GeV, which appears in the last
equation refers to the scale of the Grand Unification Theory (GUT), at which inflation
is supposed to occur.
This mechanism is driven by the homogeneous background field φ(t) with a large poten-
tial energy treated as a classical source in Einstein’s field equations. Another interesting
feature of inflation, besides solving the flatness and horizon problems, is the generation
of the tiny perturbations observed in the cosmic microwave background radiation. In
fact, quantum fluctuations in φ lead to curvature perturbations, which in turn produce
small fluctuations in the energy density of the early hot plasma7
δρ = V ′(φ) δφ. (5.47)
The comoving curvature perturbation is defined in terms of the inflaton fluctuation and
the Hubble parameter as follows [62, 63]
R = H
φ˙
δφ. (5.48)
The power spectrum PR(k) of this quantity is calculated from the ensemble average of
the fluctuations [64]
〈R~kR~k′〉 = (2pi)3δ(~k + ~k′)PR(k) (5.49)
where k is the momentum (in Fourier space).
For the slow-roll approximation, the power spectrum satisfies [62, 63]
PR(k)k3 =
1
4∗
(
H∗
MPl
)2
∝ kns−1, (5.50)
where the sign ∗ means the values of the parameters at the time of the horizon crossing,
i.e, when the mode left the Hubble radius (k = aH).
The parameter ns which is called the spectral index, or tilt, determines the scale depen-
dence of the perturbation, or its deviation from scale invariance (ns = 1). Calculations
based on the slow-roll approximation showed that the spectral index is given in terms
of the slow roll parameters (5.33) as
ns − 1 = 2η − 6. (5.51)
7This is the hot plasma of relativistic particles which form the energy density of the universe in the
radiation dominated era after inflation. The transition from inflation to this stage occurs after reheating,
where inflaton oscillations are followed by its decay to matter fields [62, 63]. Reheating is an important
phase in inflation and its details go beyond the scope of this thesis.
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Recent Planck data strongly suggest a nearly scale invariant perturbations, precisely
ns ' 0.965 [57]. Measurements of the spectral index allows us then to constraint the
form of the potentials that drive inflation, and come out with only models that are
consistent with the measured values.
Not less important, prediction of the cosmological inflation is the production of the
tensor perturbations. These tensor modes that arise from the metric fluctuation δgµν
are the origin of the primordial gravitational waves. Similarly, the power spectrum of
the tensor modes, noted Pt(k), is given in terms of the Hubble parameter at the time of
the horizon crossing, but in this case
Pt(k)k
3 = 4
(
H∗
MPl
)2
. (5.52)
The amplitude of the tensor perturbations ∆t is related to the amplitude of the scalar
perturbation ∆s by ∆t = r∆s, where the parameter r is called the tensor-to-scalar ratio.
In the slow-roll approximation, this ratio takes the form [62, 63]
r = 16. (5.53)
Last few years accurate cosmological data have offered a powerful discrimination between
different theories, and helped in supporting or ruling out various inflationary models.
The predictions of any successful model of inflation have to be consistent with the
observed bounds on the (nn, r) plan (see Figure 5.7 below).
Figure 5.7: Recent Planck results [57]. The data suggests only models with small
tensor-to-scalar ratio. Some of these models are the Starobinski model [65, 66] and
α-attractors [67].
Chapter 6
Affine inflation and frame
ambiguities
Not only is the Universe stranger
than we think, it is stranger than we
can think — Werner Heisenberg
Standard inflation presented in the end of the previous Chapter is based on Einstein
gravity coupled to a scalar field in the form (4.12). Theories of inflation driven by scalar
fields coupled nonminimally to gravity have also been considered and studied in various
details in metric gravity [68–70]. The studies are performed in both Jordan and Einstein
frames where same predicted results are not guaranteed.
In this Chapter, we came to one of the main points of this thesis. We will consider the
inflationary dynamics in the context of purely affine gravity. As we have seen, in the
case of scalar fields, the affine gravity approach necessitates nonvanishing potentials, and
thus, studying inflation in this context is important by itself. Throughout this chapter
we will deal with the following potential
V (φ) = V0 +
λ
4
(
φ2 − v2)2 , (6.1)
where v is a constant vacuum expectation value.
We will address the inflationary dynamics through three models. The first and the
most important model is the standard affine inflation where the inflaton φ is coupled
nonminimally to affine gravity as in (4.42). The second, will be a direct application
of the first where the inflaton is considered as the standard model Higgs boson (Higgs
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affine inflation). Finally we will consider inflation in the context of induced affine gravity
(4.64).
6.1 Affine inflation
Here the dynamics of the inflaton φ is governed by its equations of motion (4.43) and
(4.44). In homogeneous flat FRW universe, the distribution of the scalar field is now
described by its associated energy density and pressure, respectively, as follows
ρ (φ) =
1
F (φ)
(
φ˙2
2
+
V (φ)
F (φ)
)
(6.2)
p (φ) =
1
F (φ)
(
φ˙2
2
− V (φ)F (φ)
)
, (6.3)
where the function F(φ) is given by (4.21).
As we see, the quasi-de Sitter solution which requires p (φ) = −ρ (φ) is possible for some
slowly rolling fields. The cosmological constant case is implicitly understood here for
φ = φmin.
In this case, the Friedman equations are derived from the gravitational field equations
(4.43), and are written in terms of the Hubble parameter H as follows
H2 =
1
3M2PlF (φ)
(
φ˙2
2
+
V (φ)
F (φ)
)
(6.4)
and
H˙ +H2 = − 1
3M2PlF (φ)
(
φ˙2
2
− V (φ)F (φ)
)
(6.5)
The possible quasi-de Sitter solution (constant Hubble parameter) shows that an infla-
tionary phase is possible in this theory. For simplicity, we will perform the calculation
using the new field φ˜ given by (4.46). This equation is integrated easily giving
φ(φ˜) =
MPl√
ξ
sinh
( √
ξ
MPl
φ˜
)
. (6.6)
The FRW metric remains unchanged under the last redefinition, since no conformal
transformation is applied. Now, we apply the slow roll conditions on φ˜ as follows
˙˜
φ2
2
 V˜ (φ˜),
¨˜
φ
˙˜
φ
 H. (6.7)
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In this case, the new potential has the form
V˜ (φ˜) =
λ
4
M2Plξ−1 sinh2
( √
ξ
MPl
φ˜
)
− v2
1 + sinh2
( √
ξ
MPl
φ˜
)
2 . (6.8)
With these conditions, the Friedman equations (6.4) and (6.5) take the form
H2 ' V˜ (φ˜)
3M2Pl
, and 3H
˙˜
φ ' −V˜ ′(φ˜). (6.9)
Now, the slow-roll parameters are give by
 =
M2Pl
2
(
V˜ ′
V˜
)2
' 128ξ exp
(
−4
√
ξ
MPl
φ˜
)
(6.10)
η = M2Pl
(
V˜ ′′
V˜
)
' −32ξ exp
(
−2
√
ξ
MPl
φ˜
)
, (6.11)
where we have taken a large field φ˜ > MPl/
√
ξ.
The number of e-folds takes the form
N =
1
M2Pl
∫ φ˜i
φ˜f
V˜ (φ˜)
V˜ ′(φ˜)
dφ˜
' 1
32ξ
[
exp
(
2
√
ξ
MPl
φ˜i
)
− exp
(
2
√
ξ
MPl
φ˜f
)]
. (6.12)
Inflation ends when φ˜ = φ˜f , or  ' 1 where the slow-roll conditions break down. The
initial field φ˜i is determined from the number of e-foldings N . Initial and final values of
the inflaton are presented in Table 6.1.
Table 6.1: The inflaton redefinition and its initial and final values in both metric
gravity and affine gravity, for large ξ. The field values are below Planck mass in affine
gravity.
Einstein frame (metric gravity) Affine gravity
ξ ξ & 6.25× 10−3 ξ & 3.12× 10−2
φ(φ˜) MPl√
ξ
exp
(√
ξ
1+6ξ
φ˜
MPl
)
MPl√
ξ
sinh
( √
ξ
MPl
φ˜
)
φ˜i/MPl
√
1+6ξ
ξ ln
(√
8ξN
1+6ξ
)
ln (32ξN) /2
√
ξ
φ˜f/MPl
√
1+6ξ
16ξ ln
(
8ξ
1+6ξ
)
ln (128ξ) /4
√
ξ
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The slow-roll parameters are evaluated at the value φ˜ when the scale of interest crossed
the horizon during the inflationary phase, and they must remain smaller than unity and
then deviations of the spectrum of perturbations from scale invariant spectrum are small.
The slow-roll parameter  is depicted in Figure 6.1 as a function of ξ. The parameter
behaves like in metric gravity only for very large ξ. The spectral index is written in its
first order, ns = 1− 6+ 2η, and reads
ns ' 1− 3
4ξN2
− 2
N
. (6.13)
In metric gravity, one may show that this quantity is given as [69]
ns '
1−
32ξ
16ξN−1 , for φ
2
f  v2
1− 16ξ(1+δ
2)
8ξN(1+δ2)+δ2
for φ2f ' v2
(6.14)
where δ2 = ξv2/M2Pl.
Figure 6.2 shows the behavior of the first order spectral index for both metric gravity
(MG) and affine gravity (AG) for large fields.
Figure 6.1: The slow-roll parameter  as a function of the coupling parameter ξ.
Figure 6.2: First order spectral indices predicted by metric gravity and affine gravity.
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Considering second order terms, the spectral index ns takes the following form [71, 72]
ns = 1− 6+ 2η + 1
3
(44− 18c) 2 + (4c− 14) η + 2
3
η2 +
1
6
(13− 3c) ζ2, (6.15)
where c = 4 (ln 2 + γ) ' 5.081 and γ is Euler’s constant, and the third slow-roll param-
eter ζ2 has the following form
ζ2 ≡M4Pl
V˜ ′′′V˜ ′
V˜ 2
' (32ξ)2 exp
(
−4
√
ξ
MPl
φ˜
)
. (6.16)
Since the slow-roll parameters of affine inflation decay exponentially, deviations from
the first order spectral index is very tiny. This is not the case for metric gravity as it is
illustrated in Figure 6.3. Finally, the tensor-to-scalar ratio r ' 16 reads
r ' 2
ξN2
, (6.17)
which takes a very small values, r . 1.7 × 10−5, for the bound ξ & 3.12 × 10−2 (see
figure 6.2).
Recent data, provides a power spectrum of the primordial perturbations of the order
[57]
H2
8pi2M2Pl
' 2.4× 10−9, (6.18)
which allows us to put a constraint on the following ratio
λ/ξ ' 2.66× 10−11. (6.19)
This ratio will be important later when we address Higgs affine inflation, where the
measured self coupling λ will require a large nonminimal coupling ξ.
Figure 6.3: Second order spectral indices predicted by metric gravity and affine grav-
ity.
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This study shows that like metric gravity, slow-roll inflation arises naturally in the
context of affine gravity, and leads to observed quantities that fit the recent data.
6.2 Other affine inflationary models
6.2.1 Higgs affine inflation
Like any scalar field, the SM Higgs boson may drive the cosmic inflation. In this case, the
predictions must be in agreement with the SM measured parameters such as the Higgs
mass and the self coupling parameter. However, for a Higgs boson minimally coupled to
metric gravity (GR), the observed power spectrum requires an extremely small quartic
coupling λ ' O(10−13). Nevertheless, it has been shown that, this constraint can be
relaxed by adding a nonminimal coupling term, Higgs-curvature, to the action. Then, the
SM quartic coupling λ ' O(10−1) is attained for large nonminimal coupling parameter
ξ ' 104. The non-minimal coupling then motivates the SM Higgs inflation, where the
predictions are in agreement with recent Planck results [57, 70]. Our aim here is to
study “Higgs affine inflation”, where the SM Higgs boson is supposed to be coupled to
affine gravity rather than metric gravity.
Here, the mechanism is similar to that of the previous section, where φ ≡ h being the
SM Higgs boson [45]. In this case, and from equation (6.19), the SM quartic coupling
λ ' 0.13 implies
ξ ' 4.8× 109. (6.20)
The affine nonminimal coupling is then larger than its value in metric gravity. This
leads to an extremely small tensor to scalar ratio
r ' O (10−13) . (6.21)
As we see, the tensor contribution is tiny and negligible. Recent observations suggest
a very small upper bound for tensor perturbations, the tensor to scalar ratio is of the
order r < 0.08. Future observations are expected to provide us with a precise bounds,
since then, one may decide whether Higgs affine inflation could be considered as a good
model for the early universe. In Table 6.2 we summarize the results obtained here and
compare them with Higgs inflation in metric gravity.
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Table 6.2: Higgs affine inflation suggests a strong Higgs-curvature coupling ξ, and a
negligible tensor-to-scalar ratio.
Parameters Higgs Inflation (metric gravity) Higgs Affine Inflation
ξ 104 109
ns 0.97 0.97
r 0.0032 O(10−13)
6.2.2 Induced affine inflation
Induced affine inflation is the inflationary dynamics based on induced affine gravity
action (4.64). A detailed study of this model has been done in Ref. [9].
It has been shown that for ordinary inflation where the fields start with values φstart  v,
the scale factor follows a power law
a (t) ∝ t1/8ξ. (6.22)
In such theories, the spectrum of density perturbation is sensible to the value of the
power p [73, 74].
In metric gravity, the conformal transformation which leads to different power law would
clearly provide a significant difference between the density perturbations which are cal-
culated in two conformal frames. However, field redefinition in affine gravity does not
alter the physics, but it enters only as a new variable leading to a unique observable
spectral index and tensor-to-scalar ratio. These are given in terms of the coupling ξ as
ns − 1 = − 16ξ
1− 8ξ , r = 128ξ. (6.23)
Recent Planck bound, r < 0.12 implies ξ < 10−3. This clearly drags the spectral index
ns up to its required bound. Thus, the induced gravity inflation, in both metrical and
affine gravity setups, cannot satisfy the recent Planck bounds on r and ns simultaneously.
The reason is that induced gravity inflation supports only large tensor-to-scalar ratio, a
feature which is not specific to induced affine gravity; it already happens in the metric
induced gravity (see Figure 6.4 below).
We conclude this chapter by addressing briefly a serious problem one faces when studying
inflation using nonminimal coupling. As we have seen from the inflationary predictions
summarized in Figures 6.2, 6.3 and 6.4, metric gravity suffers from Einstein-Jordan
ambiguities where the observable quantities are frame dependent.
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Figure 6.4: Spectral indices predicted by metric induced gravity (IG) and induced
affine gravity (IAG). The tensor-to-scalar bound, r < 0.12, drags the spectral index to
larger values for both theories.
The ambiguity in metrical gravity is traced back to the conformal transformation (4.20)
that maps one frame to the other. Since this transformation is nothing but a field and
metric redefinitions, one expects then physics to be identical in both frames. As we
have stated in chapter 4, this is true only at the classical level. The problem arises
when we consider the quantum fluctuations of the fields. When passing from Jordan to
Einstein frame, the mixing between the inflaton and metric fluctuation is not avoided.
An important quantity which is not invariant under conformal transformation is the
curvature perturbation (5.48). This undoubtedly has an effects on the form of the
spectral indices, and then leads to different results in different frames. Attempts have
been made to overcome this ambiguities, and to come out with a unique description of
inflation and other cosmological scenarios, but the debate has not settled down [75–79].
The advantage of pure affine gravity, which we have considered throughout this thesis,
is that it provides us with a unique geometric frame (a unique metric). In this case,
the inflaton dynamics is described in one and the same frame with metric tensor gµν .
This is clearly seen from the fact that nonminimal coupling actions are transformed to
minimal actions by making only a field redefinition. The uniqueness of the metric tensor
ensures then the invariance of the intrinsic curvature perturbations and the observable
parameters such as the spectral index.
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Higher dimensional affine gravity
But the creative principle resides in
mathematics. In a certain sense,
therefore, I hold it true that pure
thought can grasp reality, as the
ancients dreamed.
—Albert Einstein
In this chapter we will consider affine gravity, particularly Eddington’s gravity, in a
higher dimensional space. The latter will be considered as the product of two spaces.
Some of the results will be based on geometric operations such as exterior derivatives of
differential forms, and quantities like connection and curvature forms, which are directly
given without details. In this case, the reader may be referred to some text books on
differential geometry such as [80, 81] and others.
7.1 Immersed space
The spacetime is described by a four dimensional space M4 which is immersed in an
affine eight dimensional space M8 which is the product of two identical four dimensional
real manifolds W4 [82]
M8 = W4 ×W4. (7.1)
The following index notation will be used [81, 83]:
For Latin indices: i, j, .. = 1, ...8 and for Greek indices: α, β, .. = 1, ...4. We also
introduce on the indices the operation ∗ such that i∗ = i± 4, (then (i∗)∗ = i).
This means that Latin indices take both Greek indices, α and α∗ via the operation ∗,
i.e, i = α, α∗ = 1, ...8.
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One may show that the above construction confers to the large space M8 a hypercomplex
structure [82, 84, 85].
The hypercomplex coordinates, noted Xα = xα+Ixα
∗
are elements of the Hypercomplex
Ring H, such that I2 = 1 and xα, xα
∗
are real coordinates in W4 ×W4.
The spacetime will be defined as the diagonal submanifold M4 where [82, 85]
xα
∗
= 0. (7.2)
The real elements xα, xα
∗
define the associated diagonal coordinates.
This construction is similar to that of complex manifolds, and one similarly defines the
almost hypercomplex structure on the tangent space of M8 by the operator J such that
[81]
J
(
∂
∂xα
)
=
∂
∂xα∗
, J
(
∂
∂xα∗
)
=
∂
∂xα
. (7.3)
Thus, this operator satisfies J2 = id, with id refers to the identity operator on the
tangent space of M8. This operator is defined in the real basis M8 by a tensor with
components [81, 84]
J ij =
(
0 I4
I4 0
)
, (7.4)
where I4 is the 4× 4 unit matrix. Thus, the operator J has the components
Jαβ = J
α∗
β∗ = 0, J
α
β∗ = J
α∗
β = δ
α
β , (7.5)
and it corresponds to the multiplication by I (remember that I2 = 1). To see this
clearly, we define a hypercomplex basis by the hypercomplex vectors
∂
∂Xα
=
1
2
(
∂
∂xα
+ I
∂
∂xα∗
)
,
∂
∂Xα∗
=
1
2
(
∂
∂xα
− I ∂
∂xα∗
)
, (7.6)
such that
J
(
∂
∂Xα
)
= I
∂
∂Xα
, J
(
∂
∂Xα∗
)
= −I ∂
∂Xα∗
. (7.7)
Now, the operator J has a representation in the hypercomplex basis, which is given by
the matrix
J ij =
(
II4 0
0 −II4
)
. (7.8)
Here, the real representation of the linear group GL(4,H) can be described by the
subgroup of GL(8,R) defined by the matrices which commute with (7.4).
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The connection form ωij is given in the frame of M8 by the matrix [81]
ωij =
(
ωαβ ω
α
β∗
ωα
∗
β ω
α∗
β∗
)
. (7.9)
In the natural diagonal frame of M8, the affine connection satisfies [82, 84]
ωαβ = ω
α∗
β∗ , ω
α
β∗ = ω
α∗
β . (7.10)
Generally, the connection form is written in terms of its components Γijk as
ωij = Γ
i
jkdx
k. (7.11)
To that end, the affine connections in the natural diagonal frame bundle of M8 satisfy
the conditions
Γijk = Γ
i∗
j∗k, Γ
i
jk = Γ
i
j∗k∗ . (7.12)
These conditions can be derived from the relation ∇J = 0, where ∇ is the covariant
derivative with respect to the connection Γijk, and J is the operator of the almost hy-
percomplex structure given above by its components (7.5).
Now, let us turn to the restriction in the spacetime M4, where the above conditions
induce for all diagonal frame of M4 the equations
Γαβγ = Γ
α∗
β∗γ = Γ
α∗
βγ∗ = Γ
α
β∗γ∗ , Γ
α∗
βγ = Γ
α
β∗γ = Γ
α
βγ∗ = Γ
α∗
β∗γ∗ . (7.13)
With this structure at hand, one may show that the coefficients Γijk with even number of
asterisks transform like connections, while those with odd number of asterisks transform
like tensors in all natural diagonal frame of V4 [81, 83]. This allows us to define an affine
connection Lαγβ and a tensor Λαβγ as follows
Γαβγ = Γ
α∗
β∗γ = Γ
α∗
βγ∗ = Γ
α
β∗γ∗ = Lαγβ, (7.14)
Γα
∗
βγ = Γ
α
β∗γ = Γ
α
βγ∗ = Γ
α∗
β∗γ∗ = Λ
α
βγ , (7.15)
where the affine connection Lαβγ has no symmetric (antisymmetric) character.
We proceed by defining the curvature form induced in M4 as
Ω̂ij =
1
2
R̂ijλµdx
λ ∧ dxµ, (7.16)
where the hat denotes the restriction in M4 (x
µ∗ = 0) and Rijλµ are the components of
the Riemann tensor.
Chapter 7 90
Thus, the induced Riemann tensor in M4 takes the form
R̂ijλµ = ∂λΓ
i
jµ − ∂µΓijλ + ΓiρλΓρjµ + Γρ
∗
jµΓ
i
ρ∗λ − ΓiρµΓρjλ − Γiρ∗µΓρ
∗
jλ. (7.17)
In this case, we can construct the two independent Ricci-type tensors as
Pαβ = R̂λβλα, Qαβ = R̂λα∗λβ, (7.18)
which are given explicitly as follows [82, 85]
Pαβ = ∂λLλαβ − ∂αLλλβ + LλλρLραβ − LλαρLρλβ + ΛλρλΛρβα − ΛλραΛρβλ, (7.19)
Qαβ = ∂λΛλαβ − ∂βΛλαλ + LλλρΛραβ − LλβρΛραλ + ΛλρλLρβα − ΛλρβLρλα. (7.20)
The first motivation that led to this mathematical construction was the generalization
of Einstein-Schro¨dinger theory [82, 84] as an attempt to unify gravity and classical
electrodynamics, where the spacetime M4 was supposed to be endowed with a metric
structure. Another interesting application of the formalism has been done to describe a
dynamical dark energy [85, 86].
Although the formalism is mathematically complicated, however, it may lead to a pos-
sible modification of gravity. Here, we will be interested only in the extensions of Ed-
dington’s purely affine gravity. These extensions will arise from the Lagrangian densities
which are constructed from the Ricci-type tensors (7.19) and (7.20).
7.2 Eddington’s gravity
Here, we will focus on the simplest extension of Eddington’s gravity, where the action
is constructed from the symmetric part of the Ricci tensor (7.19). For simplicity, the
affine connection L will be taken symmetric. In this case, we have [87]
S =
∫
d4x
√
||P(αβ)||. (7.21)
The variation of the Ricci tensor is given by
δPαβ = ∇µ
(
δLµβα
)
−∇β
(
δLµµα
)
, (7.22)
where we have omitted the sign of symmetry, however, it must be implicitly understood.
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Following the same procedure made so far in deriving the field equations, the variational
principle applied to action (7.21) leads to the dynamical equation
∇µ
[√
Det [P] (P−1)αβ] = 0, (7.23)
which is solved as √
Det [P] (P−1)αβ = λ√ggαβ, (7.24)
where λ is a constant and gαβ is an invertible rank two tensor which satisfies
∇γgαβ = 0. (7.25)
This condition forces the affine connection to coincide with the Levi-Civita connection
of the tensor gαβ which will play the role of the metric tensor. Thus
Lµαβ =
1
2
gµλ (∂αgβλ + ∂βgλα − ∂λgαβ) , (7.26)
and the density equality (7.24) becomes
Pαβ = λgαβ. (7.27)
Finally, using equation (7.19), the gravitational field equations (7.27) take the form
Rαβ = λgαβ + Λλρ(αΛρβ)λ − ΛλρλΛρ(βα). (7.28)
This is nothing but Einstein’s equations with a “generated” energy-momentum tensor
of matter which is given by
Tαβ =
(
δνβδ
µ
α −
1
2
gαβg
µν
)(
Λλρ(µΛ
ρ
ν)λ − ΛλρλΛρ(νµ)
)
. (7.29)
The setup described here shows that matter can also be generated dynamically when
spacetime is considered as a subspace of a higher dimensional space. In this case, the
metric tensor, the cosmological constant as well as the energy momentum tensor of
matter appear dynamically.
The second possible extension of Eddington’s gravity using the same formalism, is to take
the second Ricci tensor Qαβ given by (7.20) in addition to Pαβ. However, a dynamical
equation like (7.23) is not guaranteed, and in this case, a “current”-like term would
appear leading to a nonmetricity equation. For more details, the reader is referred to
Ref [87].
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7.3 Separate Einstein-Eddington spaces
In this section we will be interested in Eddington’s affine gravity in the so called separate
space. This is a higher dimensional space which is supposed to have a product structure.
The aim of this section is to derive the gravitational equations that arise in separate
Einstein’s space, a space with only a cosmological constant.
Given a 2N -dimensional space which admits a locally product structure, i.e, the existence
of a separating coordinate system xj such that in any intersection of two neighbourhoods
xk and xk′ we have [83, 88]
xµ′ = xµ′ (xµ) , xµ
∗′ = xµ
∗′
(
xµ
∗)
, (7.30)
where the Greek indices are given as µ = 1, ..., N and µ∗ = N + 1, ..., 2N .
This means that the higher space appears as the product of two spaces M and M∗
defined by their coordinate systems xµ and xµ
∗
respectively.
Additionaly, if the space is endowed with a metric tensor a priori, then we define the
separate Einstein’s spaces as the product spaces which are described by their Ricci
tensors Rij which are splited into [83, 88]
Rµν = (a+ b)gµν , Rµ∗ν∗ = (a− b)gµ∗ν∗ . (7.31)
Here, a and b are constants.
It is clear that these spaces have constant curvature. We call these spaces, the maximally
symmetric spaces. The curvatures are given by two nonzero cosmological terms a + b
and a− b respectively.
Next, we will provide a derivation of the equations (7.31) in the context of Eddington
gravity, using only an affine connection.
7.3.1 Gravitational equations in the separate space
Herein, the 2N -dimensional product space is endowed with a symmetric affine connection
given by its components Γkij , such that i, j = 1, ...2N .
The curvature tensor, noted Rlijk, has a standard form in terms of the affine connection
Rlijk = ∂iΓljk − ∂jΓlik + ΓlimΓmjk − ΓljmΓmik. (7.32)
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The Ricci tensor Rij arises as
Rij = Rkikj . (7.33)
We define the 2N dimensional Eddington’s action as follows [89]
S = 2
∫
d2Nx
√
||Rij ||. (7.34)
Here, the Lagrangian density is defined by
L = 2
√
||Rij ||, (7.35)
where we have taken only the symmetric part of the Ricci tensor, additionally, the affine
connection Γ is taken symmetric.
Following [32, 33], we construct the canonical momentum conjugate to the connection
Γ as follows
piij =
∂L
∂Rij , (7.36)
which will be at the heart of the metrical structure.
Using the the Lagrangian density (7.35), the last equation becomes√
||Rij ||Rij = piij , (7.37)
where Rij is the inverse of the Ricci tensor.
In the following, we will apply Euler-Lagrange equations where the field configuration
is the affine connection, then
∂l
 ∂L
∂
(
∂lΓ
i
jk
)
− ∂L
∂Γijk
= 0. (7.38)
This leads to the dynamical equation [32, 33]
∇kpiij = 0. (7.39)
where the operator ∇ is the covariant derivative associated to the affine connection Γ.
A possible 2N dimensional solution of equation (7.39) is given as follows
piij =
√
||aGij + bFij || (aG + bF)ij , (7.40)
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where a, b are constants, and the 2N tensors Gij and Fij have the components
Gij =
(
gµν 0
0 gµ∗ν∗
)
, Fij =
(
gµν 0
0 −gµ∗ν∗
)
. (7.41)
The tensors defined above will be important in defining the so called projective operators
which map the higher dimensional space into the separate spaces M and M∗.
Now, let us turn to equation (7.37) which finally takes the form
Rij = (aGij + bFij) . (7.42)
Additionally, the dynamical equation (7.39) is written in the separate spaces M and
M∗ as follows
∇κgµν = 0, and ∇κ∗gµ∗ν∗ = 0. (7.43)
The generated metric tensors gµν and gµ∗ν∗ lead to the following “separate” Levi-Civita
connections
Γµαβ =
1
2
gµλ (∂αgβλ + ∂βgλα − ∂λgαβ) , (7.44)
Γµ
∗
α∗β∗ =
1
2
gµ
∗λ∗ (∂α∗gβ∗λ∗ + ∂β∗gλ∗α∗ − ∂λ∗gα∗β∗) (7.45)
in the separate spaces M and M∗ respectively.
Mapping the vectors and tensors from the 2N dimensional space into the N separate
spaces is made via the projection operators which are defind as [83, 88]
Pij = 1
2
(Gij + Fij) , and Qij = 1
2
(Gij −Fij) , (7.46)
where for every vector vi with components
(
vµ, vµ
∗)
we have
Pki vi = (vµ, 0) , and Qki vi =
(
0, vµ
∗)
, (7.47)
with Pki = GklPli and Qki = GklQli.
The separability of the higher dimensional space allows us to write the field equation
(7.42) in two independent and separate field equations in the spacesM andM∗ respec-
tively. These equations are given as
Rµν = (a+ b) gµν , (7.48)
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and
Rµ∗ν∗ = (a− b) gµ∗ν∗ . (7.49)
These equations govern the dynamics of the so called Einstein’s spaces which have a
constant curvature. Detailed studies of these spaces in the context of metric theory are
give in Ref. [83, 88].
The derivation presented in this section is different from the one given in the referred
works. It is based only on affine spaces endowed with an affine connection and its
associated curvature. The metric tensors arise a posteriori as in Eddington gravity, and
finally the theory is reduced to separate spaces with two cosmological constants a + b
and a− b respectively.
Next, we will present a possible application of this formalism. We will focus on the
cosmological constant in the separate spaces and show how this constant vanishes in one
of the spaces due to projective symmetry.
7.3.2 Zero cosmological constant from projective symmetry
As we have seen so far, the cosmological constant is at the heart of the affine approach
to gravity. In this sense, a nonzero cosmological constant facilitates the generation of
the metrical structure and drives the affine models to metrical gravity. In what follows,
we will discuss a mechanism that allows us to render the cosmological constant to zero
a posteriori. Although, this is generally not possible, however, the structure of the
separate spaces discussed above provides us with a particular cases, where one of the
spaces may be free of the cosmological term.
Previously, we have shown that Einstein’s space may describe two maximally symmetric
spaces (universes) with nonzero cosmological constants given by
Λ = a+ b and Λ∗ = a− b, (7.50)
where a and b are nonzero constants.
Generating the metric tensors forbids a zero cosmological constant in both spaces. How-
ever, the symmetric conditions b = −a, or b = a render one of the cosmological constants
to zero. In the first case, we have
Rµν = 0, Rµ∗ν∗ = 2agµ∗ν∗ , (7.51)
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where space M becomes empty.
The other symmetric case (b = a) leads to
Rµν = 2agµν and Rµ∗ν∗ = 0. (7.52)
The two cases b = a and b = −a correspond to the projection of the action (7.34) on
the spaces M and M∗ respectively. This can be simply shown by using the projection
tensors (7.46), thus
RikPkj = (Rµν , 0) and RikQkj = (0,Rµ∗ν∗) . (7.53)
A zero cosmological constant arises then in one of the spaces due to the projection on
the separate spaces. The result of this projective symmetry can be translated as follows;
while one of the universes is sensitive to a possible large vacuum energy due to the
cosmological term, the other one becomes completely empty.
In [90], Linde has proposed the antipodal symmetry in a two interacting universes and
has shown that the effective cosmological constant vanishes in both spaces when applying
that symmetry.
Clearly, our setup is not able to solve the cosmological constant problem, since it does not
explain the tiny value of the vacuum energy that arises in the other space. Nevertheless,
the separate spaces with zero and nonzero vacuum energy may, after all, describe two
states of one universe. The large vacuum energy at the early state is driven to zero at
the final stage. We will return to this case in the following discussion when we introduce
scalar fields in the setup.
Now, in the presence of a simple scalar field φ
(
xi
)
, where i = 1, ..., 8, the affine La-
grangian density takes the following form
L = 2
√||Rij(Γ)− ∂iφ∂jφ||
V (φ)
, (7.54)
where V (φ) is a potential energy, and for brevity, we will take 8piG = 1.
The canonical momentum (7.36) that corresponds to the above Lagrangian becomes
piij =
√||Rij − ∂iφ∂jφ||
V (φ)
(R− ∂φ.∂φ)ij . (7.55)
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In this case, Euler-Lagrange equations (7.38) imply a dynamical equation similar to
(7.39), which finally allows us to write the field equations
Rij = (aGij + bFij)V (φ) + ∂iφ∂jφ. (7.56)
In the philosophy of the separate spaces presented above, the last equation is written in
two forms
Rµν = (a+ b)V (φ) gµν + ∂µφ∂νφ, (7.57)
Rµ∗ν∗ = (a− b)V (φ) gµ∗ν∗ + ∂µ∗φ∂ν∗φ. (7.58)
In vacuum, we have seen that the two universes are completely separate. This is however
not the case in the presence of matter.
Now, the dynamics of the scalar field is described by its equation of motion derived from
the variation with respect to φ. Again, this would lead to two equations of motion
gφ− (a+ b)V ′ (φ) = 0 and g∗φ− (a− b)V ′ (φ) = 0, (7.59)
where the operators g and g∗ are defined in the spaces M and M∗ respectively.
In order to study the cosmological evolution of the scalar field, we will adapt the previous
equations of motion to the flat Friedmann-Robertson-Walker metrics
ds2 = −dt2 + a2 (t) d−→x 2, ds2∗ = −dt2∗ + a2∗ (t∗) d−→x∗2, (7.60)
where the asterisks (∗) refer to the coordinates of space M∗.
The second Friedmann equation arises as follows
··
a
a
= −4piG
3
[
2φ˙2 − 2 (a+ b)V (φ)
]
, (7.61)
··
a∗
a∗
= −4piG
3
[
2φ˙2 − 2 (a− b)V (φ)
]
, (7.62)
where the time derivative in the last equation is with respect to t∗.
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Applying the projective symmetry discussed above, the Friedmann equations (7.61) and
(7.62) become
··
a
a
= −4piG
3
[
2φ˙2 − 4aV (φ)
]
, (7.63)
··
a∗
a∗
= −4piG
3
(
2φ˙2
)
. (7.64)
Here, we have taken the case b = a (equivalent to b = −a).
In cosmology, the early accelerated phase of the universe (the initial state here) is gov-
erned by the so called gravitational mass density ρ+3p, where ρ and p are the density and
pressure of the inflaton respectively. The gravitational mass density forms the quantity
in the right hand side of equation (7.63). In fact, from the energy momentum tensor of
the scalar field (for b = a)
Tµν = ∂µφ∂νφ− 1
2
gµν
[
(∂φ)2 + 4aV (φ)
]
, (7.65)
we easily find the energy density and pressure of the scalar field as
ρ =
1
2
φ˙2 + 2aV (φ) , p =
1
2
φ˙2 − 2aV (φ) , (7.66)
and finally, the gravitational mass density takes the form
ρgrav = ρ+ 3p = 2φ˙
2 − 4aV (φ) . (7.67)
On the other hand, the right hand side of (7.64) is governed by the inertial mass density
of the field. This is given by
φ˙2 = ρ∗ + p∗ = ρiner. (7.68)
Thus, in the presence of matter, the role of the projective symmetry is to eliminate
the effects of the gravitational mass density in the final state, and the dynamics of the
universe in this case is governed by only its inertial mass density. In the case of the
vacuum energy (cosmological constant) where p = −ρ, the inertial mass density ρ + p
vanishes, which is consistent with (7.51).
Chapter 8
Concluding remarks
The important thing is not to stop
questioning — Albert Einstein
Purely metrical structure of spacetime where gravity is described by general relativity
is essential for the very large scales of the universe. However this structure may not
be required in the very beginning. At early stages, the spacetime is purely affine in a
sense that it does not accommodate notions of angles and lengths. These notions arise
a posteriori with the metric structure when this latter is generated. The absence of
the metric tensor leaves spacetime with a very simple structure, the affine structure, in
which the affine theory of gravity is viable.
As we have mentioned in this thesis, purely affine gravity is not a new theory, it goes
back to previous classic works of Einstein, Eddington and Schro¨dinger as an attempts
to a unified picture of gravity and electrodynamics [29]. The failure of the purpose of
unification has led people to abandoning the affine approach by considering it as a pure
mathematical construction that lacks physical interpretations. Other affine approach to
gravity has been proposed later as a different formulation of general relativity where the
metric tensor appears as a momentum canonical conjugate to the affine connection, and
the derived field equations are equivalent to those of GR with scalar and possibly gauge
fields [32, 33]. In the recent few years, attempts have been made to consider general and
different approaches to pure affine gravity, in vacuum and in the presence of matter and
even in higher dimensions [34, 91–94].
In this thesis, we have studied this affine gravity in the presence of scalar fields. At the
first step where the field is minimally coupled, we have seen that the theory is defined
only for nonzero potential, this led out to a nonzero vacuum energy in the theory. We
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have argued that this nonzero vacuum is the origin of the metric tensor from which Ein-
stein’s equations are written. Transition to nonminimal coupling is investigated, where
the coupling is made through the Ricci tensor. It turned out that, unlike the first case,
the nonminimal coupling in affine gravity differs from general relativity. The differences
rely on both, the improved energy-momentum tensor and the modified equation of the
field. We have seen that the improved energy momentum tensor depend on the potential
of the scalar field rather than derivatives of the field φ as in general relativity. This is
a consequence of the linearity of the Ricci tensor in first derivative of the affine connec-
tion. We have shown that the transformation from nonminimal to minimal coupling is
simply obtained through the scalar field redefinition. This shows that there is only one
frame in which affine gravity is formulated. This is arguably clear since there is only
one generated metric tensor. This means that Jordan and Einstein frames of general
relativity are not present in affine gravity.
The main goal of this thesis is to show that affine spacetime though difficult to accom-
modate all matter fields, it serves a viable framework for studying the early universe.
In fact, in the inflationary regime and before reheating phase, only scalar fields that
drive the rapid expansion are required. We have shed light on two particular examples.
The first is the standard affine inflation where a non-SM scalar field is coupled non-
minimally to affine gravity and drives cosmological inflation. In this model, the scalar
spectral index as well as the tensor-to-scalar ratio are in agreement with the recent
Planck results for some values of the nonminimal coupling parameter [8]. The second
model is based on a new approach to induced gravity. In this induced affine gravity,
it has been shown that both gravity scale and the metric tensor gain an emergent char-
acter [9]. As in (metric) induced gravity, Planck mass arises spontaneously in terms of
the vacuum expectation value of a non-SM heavy scalar. Additionally, the metric tensor
appears dynamically from nonzero vacuum energy which is left after symmetry break-
ing. Induced affine inflation, however, results in a relatively large tensor-to-scalar
ratio, a feature which is generic of the models in which gravity is induced by the vacuum
expectation value of a scalar field. Last but not least, we tackled the conformal frame
ambiguities. It has been shown that since affine gravity stands on a unique “generated”
metric tensor, the familiar Jordan and Einstein (conformal) frames are absent, the case
which makes the affine inflation predictions unique and frame ambiguity-free.
We have to mention here that up to now affine gravity is considered as an incomplete
theory. In fact, a program should be pursued of incorporating all the SM matter fields
in order to complete the affine picture of matter-gravity interactions. Speculatively
speaking, the SM matter fields may also be generated dynamically at the end of inflation
where the inflaton energy is converted to SM particles and the universe becomes radiation
dominated. In this case, a reheating process in the context of affine gravity must be
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studied. The final point concerns the quantum correction to the affine actions which
have been proposed throughout this thesis. Since these actions are not polynomials
in the fields then one might go beyond the standard techniques of field theory when
performing the covariant quantization. An alternative way is to transform these actions
into polynomials which lead to the same field equations of motion and go through the
quantization in its standard form, however, in this case one may lose the aim of affine
gravity by proposing different forms of the action [95].
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